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Academician N.Yu.Satimov

Numan Yunusovich Satimov was one of Uzbek prominent scientists, Doctor
of Physical and Mathematical sciences, professor, full Member of Uzbekistan
Academy of Science and laureate of the Abu Reyhan Beruni State prize of
Uzbekistan.

N.Yu.Satimov was the a creator of the Tashkent school on the Theory of
Control and Differential Games, who made a huge personal contribution to develop
this field of Mathematics.

N.Yu.Satimov was born on December 15, 1939 in Andijan city; he studied
at school number 29. In 1956 he entered the Physics and Mathematics Faculty
of Central Asia State University in Tashkent (now the National University of
Uzbekistan, NUUz). Since 1958 he continued his studies at the Mechanics and
Mathematics Faculty of Moscow State University named after M.V Lomonosov.
After his graduation, in 1962 he entered the postgraduate courses of the Institute
of Mathematics named after V.I. Romanovsky of Uzbekistan Academy of Science;
in 1965-1968 he worked as a junior research fellow of the above-mentioned
institute.

Since 1968 N.Yu.Satimov moved to Tashkent State University, where since
1971 he was a head of the Department of Applied Mathematics. In 1974-1976
he was a senior researcher at the V.A.Steklov Mathematical Institute of USSR
Academy of Science in Moscow, and after returning from Moscow he continued
to govern the department. In 1985-1987, N.Yu.Satimov was the dean of the
Department of Applied Mathematics and Mechanics. Since 2000 he was a Senior
Researcher of Institute of Mathematics, Academy of Sciences of the Republic of
Uzbekistan.

In 1968 N.Yu.Satimov defended his candidate (PhD) thesis, and in 1977 at
the specialized council of the V.A.Steklov Institute of Mathematics his Doctor
of Science thesis. In 1978, he was awarded the title of Professor; in 1979 he was
elected a Corresponding Member, in 2000 a full member of Uzbekistan Academy
of Science.

N.Yu.Satimov was known as one of the leading specialists in the Theory of
Differential Equations and Control Theory and their applications.

He published a textbook on Differential Equations, two monographs, over 180
scientific papers, most of them were published in English being translated from
Russian.

Since 1970, a group of mathematicians, headed by N.Yu.Satimov began to
study in a new field of Mathematics called the Theory of Controlled Processes
chiefly the Theory of differential pursuit-evasion games. N.Yu.Satimov himself was
engaged mainly in the development of the methods of L.S.Pontryagin.



One of his important results was modification of the first method of Pontryagin
for the pursuit problems. The method of N.Yu.Satimov reinforces the first
method of L.S.Pontryagin, preserving its convenience; in particular, anticipatory
discrimination of the evader is not required. Moreover, for all substantial examples,
he gives the same result as the second method of L.S.Potryagin.

A large cycle of works by N.Yu.Satimov is devoted to the problem of escape.
Moreover, it should be mentioned that the scientist developed the new method
of evading in a direction that has found effective applications in the study of
games with several pursuers. He also proved theorems that improve sufficient
conditions for the possibility of evading had been obtained by L.S.Pontryagin and
R.V.Gamkarlidze, M.S.Nikolsky and others.

Since 2000, N.Yu.Satimov has been intensively engaged in control problems
in systems with distributed parameters. He proposed a new approach to
the study of controlled physical processes described by partial differential
equations. Additionally, N.Yu.Satimov owns the results related to the problem
of constructing a differential equation with given properties, strengthening the
Vallee-Poussin theorem on the zeros of solutions, discrete and differential games
with integral constraints.

In his general academic and special discipline, they were distinguished by
thoroughness and accessibility for students. He had a beneficial effect on the
formation of many mathematicians in Uzbekistan and the CIS countries. Under
his leadership, 8 Doctor of Science and more than 20 candidates (PhD) were
trained.

N.Yu.Satimov was not only a scientist and teacher of bright talent, but also
a sincere friend, a generous mentor, a wonderful family man, a caring father. His
cheerfulness and industriousness, responsiveness, modesty, honesty and integrity
left a lasting impression on everyone who spoke and worked with him. It was not
easy to argue with him because of his high education and erudition. Until the
last days of his life, he regularly engaged in mini-soccer and table tennis, was an
excellent swimmer, and loved to travel.

The memory of N.Yu.Satimov will be preserved in the hearts of his colleagues
and students, and the scientific school he founded will continue to develop.



Optimal Processes and Differential Games
OnTtumabHble IIponecchl u auddepeHinajabHbIe
UTPbI

(a, B,v)-Derivations of Leibniz Algebras

A.Abdulkadir!, Sh.K.Said Husain?>*, W.Basri®
123 Institute for Mathematical Research (INSPEM), Universiti Putra
Malaysia, 43400 UPM Serdang, Selangor, Malaysia

23 Department of Mathematics, Faculty of Science, Universiti Putra Malaysia,
43400 UPM Serdang, Selangor, Malaysia

There are several approaches to the study of generalized derivation of algebras.
In 2000, Leger and Luks [1] studied a general version defining the generalized
derivation of Lie algebra. Hartwig et al. [2] in 2003, discuss the concept of
generalized derivations of Lie algebras and they refer to it as (o, 7)-derivation.
Also the works by Hrivnak [3] and Novotny and Hrivnak [4] introduced the new
version of a generalized derivation of Lie algebras. They found the important
results called («, 3, v)-derivation of Lie algebras.

Some works extended the idea of Novotny and Hrivnak to several type of
algebra like associative and diassociative algebras by Rakhimov et al. [5] and
Fiidow et al. [6] respectively. Our interest in this paper is to study the generalized
derivations of finite dimensional Leibniz algebras. The algebra of derivations and
generalized derivations are very useful in algebraic and geometric classification
problems of algebras.

Set us begin with simple definitions and facts needed later on in the course
of our discussions. The definitions of a Leibniz algebras, and some of its basic
properties can be found in [7] and [§].

Definition. A Leibniz algebra L is a vector space V over a field C equipped
with a bilinear mapping [-,-] : L X L — L which satisfies the following identity;
[SU, [yv ZH = [sc,y], ZH - [xv [y,z]], Va,y € L.

Note that for all x € L if the identity [x,x] = 0 holds then the Leibniz identity
becomes Lie, hence Leibniz algebras are non commutative analogue of Lie algebras.

From [4], the definition of («, 3, 7)-derivation of Leibniz algebras can be
written as follows:

Definition. Let (L, [-,-]) be a Leibniz algebra, the linear operator d € EndL
is an («, B,v)—deriwation of L if o, 5,7 € C such that for all x,y € L, the
following condition is satisfied,

ad([z,y]) = Bld(x), y] + 7|z, d(y)].
15
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The set of all (a, 3,7)-derivation of L is denoted as Der, )L and can be
written as:

Der (a5 L = {d € EndL|adlz,y] = ld(z),y] + 7]z, d(y)], Y,y € L},
where Der(,5.)L is a subspace of EndL.

Proposition. Let f : L1 — Lo be an isomorphism of complex Leibniz algebras
(L1, [,-]1) and Lo, |-, -]2). Then the map g : EndLy — EndLy defined by g(d) =
fdf~! is an isomorphism of vector spaces Der 3.\ L1 and Der, 3. Lo.

From the definition of («, ,v)-derivation by Novotny and Hrivnak [4] it
follows that for any € # 0 € C the following relationship holds true;

Der(a,ﬁﬁ)L = DeT(m’eﬁ’w)L = DBT’( )L.

a,y,

Corollary. Let L be a Leibniz algebra. For any o, B,y € C, the following s
true

Another important result is about the intersection of two different subspaces
of Der(qpy)L, which gives another independent invariant. Now consider the
following proposition:

Proposition. Let f : Ly — Lo be an isomorphism of two Leibniz algebras
Ly and Ly, then the map g : EndL, — EndLy defined by g(d) = fdf " is
an isomorphism of vector spaces Der gy L1 M Der g v L1 and Derq, g L2 N

D@T(GI,BIWI)L?; that is \V/Oé, 57’77 04/7 517 7/ = C’

g(DeT(aﬁﬁ)Ll M Der(a/,ﬂ/ﬁ/)[/l = Der(aﬁﬁ)l}g N Der(a/ﬁ/ﬁ/)ljg.

Let us now classify the possible values of «,f(,7,€ C for a linear
transformation d : L — L to be («, 3, y)-derivation of L.

Proposition. Let L be a Leibniz algebra over a field C, with char # 0 and
a, 3,7, € C, then for Der, 3L the values of a, 3, are given as follows;

Der 171’1)[1 = DeT’L;

(
Derqiol  ={d € EndL|[d(zy)] = [d(z), y]};
Derq1-nL ={d € EndL|[d(zy)] = [d(),y] — [z,d(y)]};
Derg ool = {d € EndL|[d(zy)] = 0};
Derpinyl ={d € EndL|[d(z),y] = [z,d(y)]};
Derg,—1yL ={d € EndL|[d(z),y] = [z,d(y) };
Derg 0L ={d € EndL|[d(z),y] = O};

(

Derii0 L = {d € EndL|S[d(x,y)] = [d(z),y], VI #0,1}.

Remark. For any a, 8,y € C the dimension of the vector space Der, gL
1s an isomorphism invariant of Leibniz algebras.
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The possible interpretations of generalized derivations of Leibniz algebras are
present in the following proposition.

Proposition. Let L be a complex Leibniz algebras and o, 5,~v € C. The space
Der gL has the following forms:

1. Der11yL C gl(L) is a Lie algebra of derivation;

2. Der(i1,0L C EndL is a left centroid,;

3. Derq 1-1)L C EndL is a right centroid;

4. Der 0L C End(L) is a subalgebra of EndL;

5. Der1,1yL C gl(L) is a Lie algebra;

6. Der1-1)L C EndL is an associative subalgebra of EndL;
7. Der(y1,0)L C EndL is an associative subalgebra of EndL;

8. Der10L C EndL is a vector subspace of EndL.
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Systems of Convex Inequalities in Functional Spaces

A.V.Arutyunov
Moscow Institute of Physics and Technology, V.A. Trapeznikov Institute of
Control Sciences of RAS

arutyunov@cs.msu.ru

Consider the following problem. Let (E, || - ||) be a Banach space, let g; :
[0,1] x E = R, i=1,....k, be given functions, let X C E, be a given set and let
I, and I, be two sets of indexes such that I; U Io = {1, ..., k} (here U states for
the disjoint union). Consider the system

gl(t,x) <0, €l
gi(t,x) <0, i€ Iy, (1)
x e X.
A solution to this system is a function € Ly ([0, 1], X) such that for a.a. t € [0, 1]
the following holds:
gi(t,x(t)) <0, iel, gltax(t) <0, i€l z(t) elX.

In the talk we will discuss solvability conditions for the system (1) under the
assumption that all functions g; are measurable in the variable ¢ and convex and
continuous in x. The corresponding result is formulated in the form of a theorem
of the alternative analogous to the Gordan’s Theorem, Motzkin Theorem, and Ky
Fan theorem.

The main difference between the above mentioned theorems and our main
result is that the theorem of the alternative for the system (1) is valid under the
following regularity assumption: there ezist a function z(-) € L ([0, 1], X), reals
R >0 and a > 0 such that

Vtel[0,1] YeeX\OE®),R) Je=e(t,z) e (~Tx(z)) NSk :

(x*;e) > a Va* € 0ygi(t,x) Viel(t ).

Here O(z, R) is an open ball in E centered at = with a radius R, Sg is a unit sphere
in F, Tx(x) is the tangent cone to X at x, Z(t,x) is the set of active indexes of
the system (1), 0,¢g is the subdifferential of a function g in x. It is proved that the
theorem of the alternative holds true under the presented regularity assumption.
The examples showing that the regularity assumption is essential are constructed.

The investigation is performed in the Moscow Institute of Physics and
Technology.
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How do Mathematicians Play Differential Games?

A.A. Azamov

Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent,
Uzbekistan

abdulla.azamov@qgmail.com

After graduating from the famous "Mech-Math" faculty of Moscow State
University in 1770 I began my job in the same named faculty of Tashkent State
University (TashSU). First year I continued my researches on Stability Theory
but in this field I was alone in TashSU that is why I tried to leave to Moscow
but in 1971 I was involved by S.H.Sirajdinov for publishing of "Uzbek Soviet
Encyclopedia" and had to give up my plan. Because of that I began to attend
different seminars in the faculty. After all I turned in the seminar of N.Satimov
called "Optimal control and Differential games". N.Satimov was only PhD but
his personal features were very attractive for me: simple and open and friendship,
very democratic in discussions and accurate in human relations. I recognized that
he graduated the same department as me. Besides [ was accounted with the game
"Lion and Man" solved be elegant elementary way. Thus I decided to study
dynamic games. As a PhD project I selected to apply R.Isaacs’ heuristic method
to the simplest linear game

t=Ar—u+v, ue P, veQ (1)
when the control sets P, () are polygons and the terminal set M is a straight. It
was opened that Isaacs’ barrier may have many number of returning points. The
game was solved under the condition of regularity: there should be no more than

one turning point. The result was new even in the particular case of time-optimal
problem for the shortened system
i = Axr — u. (2)

Further nonregular cases were studied by A.Fazilov and E.Suleymenov. The
full solution of the game still is unknown. In 1972 Prof. L.Petrosyan from S.-
Peterburgh University, who was one of the beginners of the Theory of Dynamical
Games, visited Tashkent and gave talks on one-step games of pursuit and
formulated several problems. All of them were solved during his visit: Satimov
N., Azamov A., Petrosyan L.A. Structure of optimal strategies in simultanions
games of pursuit. Control Systems, Institute of Mathematics of Siberian branch
of AS of USSSR, 1974, Issue 13, pp. 65-68.

Later the main result was strengthened.

Azamov A. Construction of optimal strategies in an infinite game between two
persons. Enginering Cybernetics (1978), No. 1, pp. 22-25.

In 1973 I studied the game (1) when terminal set M is a point and obtained
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almost necessary and sufficient condition of solvability of pursuit-evasion problem.

[ finished my PhD in 1974 and began to study a generalization of the classical
game "Lion and Man" of R.Rado and C.Bezicovich. It was considered the case
when "Man" moves along arbitrary closed line.

Azamov A. On a problem of escape along a prescribed curve. Jour. of Applied
Mathem. And Mechanics, Vol. 46 (1982), No. 4, 553-555 (1983).

Azamov A. On the pursuit of a point that is escaping along a given curve. Dokl.
Akad. Nauk UzSSR, 1982, No. 1, pp. 6-7. In the second paper L was supposed a
closed line. The case of nonclosed lines was solved later:

Azamov A.A., Kuchkarov A.Sh. Generalized "Lion and Man" Game of
R.Rado. Coll. "Contributions to Game Theory and Management" . St. Petersburg
University, 2009, Vol. II, pp. 8-20.

[t is necessary to notice that "Lion and Man" is one of the simplest differential
games but quantitative problem for it stays still unsolved.

In 1976 I started researches on discrete games of Pursuit and Evasion:

Tpy1 = Az, —u+v, n=0 1,2, ... (3)

Their theory was began by Ukrainian Mathematicians A.Chikriy but his
solution contained a gap. During 1976-80 yy. it was published a circle of papers on
the game (3). The results were exposed systematically in the monograph: Azamov
A. The Foundations of the Theory of Discrete Games. V.I.Romanovskii Institute
of Mathematics, 2011, 160 p.

In 1978 I visited Mech-Math of MSU for Qualification Improvement Courses
during four months. There I particularly attended the seminar of L.S.Pontryagin
on Optimal Control and Differential Games. This period I studied the big
paper L.S.Pontryagin On the theory of Differential games. Russian Mathematical
Surveys (1966), 21(4), pp. 219-274, and managed to find answers for two questions
formulated there:

Azamov A. A class of nonlinear differential games. Mathem. Notes, (1981),
30(3-4), pp. 805-808.

Azamov A. Investigation of a class of nonlinear differential games. Differential
Equation, (1983), 19(12), pp. 2160-2163.

These results were based on the nonlinear game

i=a(@)u+b(@)v+(c0), wzuveR: |u <1, v <1 (4)

Considering (6) allowed to solve Problem 8.1 of R.Isaacs as well:

Azamov A. On Isaacs’ pull over game. Vestnik Moscow. Univ. Ser. I Mat.
Mekh. 1981, No. 4, 5-7, 84.

At the same period I began to study Pontryagin’s alternating integral that
was new phenomena in Mathematics:

Pontrjagin L. Linear differential games. I, II. (Russian) Dokl. Akad. Nauk
SSSR. 174 (1967), 1278-1280; ibid. 175 1967 764-766. The following relation was
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obtained

W (M) (Y awme () + L rC [ug (r) — v ()] dr (5)
NU{w o0« [ |

valuable from view of point of applications.
In the beginning of 1980’s the lower analogue of the alternating integral was

defined and applied to pursuit problem. Both integrals have dual properties. It
was established self-dual connections between them: W™ (M) = (| W, (M + o5)

0>0
for closed M; W, (M) = (| W™ (M =+ 0.5) for open M; IntW" (M) = W, (IntM)
o>0

when W7 (M) contains a fixed ball for 0 < ¢ < 6.

Azamov A. Duality of linear differential games of pursuit. Soviet Mathem.
Doklady, Vol. 25 (1982), No. 2, 409-412. Detailed recital in

Azamov A. On Pontryagin’s second method in linear differential games of
pursuit. Mathematics of the USSR-Sbornik, Vol. 46 (1983), No.3, pp. 429-437.

Azamov A. Semistability and duality in theory of the Pontryagin alternating
integral. Soviet Mathem. Doklady, (1982), 37(2), 409-412.

Detailed recital of the last paper is given in the next.

Azamov A.A., Iskanadjiev I.M. Pontryagin’s alternating integral for
differential inclusions with counteraction. Coll. "Contributions to Game Theory
and Management" , S.-Peterburg University, 2012, Vol. 5, pp. 33-44.

It was natural to attempt to generalize duality theory for nonlinear
differential games. In the 1980’s I considered nonlinear differential games due
to B.Pshenichnii’'s approach and constructed duality theory for Pshenichnii’s
operator particularly proved Krasovskii’s alternative in classes of e-strategies:

A.Azamov. On an alternative for pursuit-evasion games in an infinite time
interval. J. of Applied Mathem. and Mech., (1986), 50(4), pp. 428-432.

These results were content of the Doctor of Science thesis:

Azamov A.A. Structure of Phase Space of Pursuit-Evasion Games.S.-
Peterburg University (1987). (Printed in Mathematical Works of Abdulla
A.Azamov. Tashkent, Uzbekistan National University Press, 2017.)

In the end of 1980’s I returned to the simple motion games. It was given
an explicit formula for Petrosyan’s strategy of parallel pursuit: Il-strategy. An
elementary introduction to the theory of differential games. National university of
Uzbekistan, 2000, 32 p. Then basing on that the solution of qualitative problem for
the simple motion game with many pursuers and one evader for all cases besides
one very critical situation: Azamov A. On the qualitative problem for simple
pursuit game with constraints. Serdica. (Bolgarian Mathematical Notices). 1986,
Vol. 12, No. 1, pp. 38-43. (Russian).

What concerns to the critical case the problem stays open as for differential
game case so for discrete case. Since 1992 till 2010 I was engaged to governmental
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positions and wasn’t able to lead researches intensively. Here are some results.

Solving of the problem concerning comparing on methods of alternating
integral and Satimov’s modification of Pontryagin’s first method in pursuit games
and the problem on necessity of M.S.Nikolslii’s "caps" in approximate schemes
for the alternating integral:

Azamov A., Yakhshimov Kh.K. The quality problem for a linear differential
game with critical properties. Mathem. notes, Vol. 67 (2000), No. 3-4, pp. 413-416.

There were a paper on new approach to the theory of matrix games offered
by N.Satimov:

Azamov A. On the metric approach in the theory of matrix games.In the
annual coll. "Contributions to game theory and management" . Graduate School
of Management, St. Petersburg University, 2010, Vol. III, pp. 22-28.

Search problems are very close to differential games. Some upper estimations
and the first lower estimation for an advantage coefficient in search problem on
graphs we yielded:

Azamov A. Lower bound for the advantage coefficient in search problem on
graphs. Differential Equations, December 2008, Vol. 44, No. 12, pp. 1764-1767.
(Russian).

Relations between problems of pursuit and controllability and stability in
linear games were established:

Azamov A., Kuchkarov A., Samatov B. The relation between problems of
pursuit, controllability and stability in the large in linear systems with different
types of constraints. J. of Applied mathem. and Mechanics, Vol. 71, Isuue 2, 2007,
pp. 229-233.

Azamov A., Kuchkarov A. On controllability and Pursuit Problems in linear
discrete systems. J. of Computer and Systems Sci., 2010, Vol. 49, No. 3, 360-365.

Beginning from 2011 I have been mainly studied Qualitative theory of
dynamical systems but continue to interest differential games as a hobby. Namely
qualitative problem for the game of pursuit-evasion on graphs were studied:

Azamov A., Kuchkarov A., Holboyev A. The pursuit-evasion game on the
1-skeleton graph of regular polyhedron. I. Mathem. Automation and Remote
Control., 2017. Vol 78, No. 4., pp. 754-761. Azamov A., Kuchkarov A., Holboyev
A. The pursuit-evasion game on the 1-skeleton graph of regular polyhedron. II.
Automation and Remote Control., 2018. Vol 78, No. 4., pp. 345-351.

Besides it was obtained the solution of the quantitative problem for "Lion and
Man" in the case of R.Rado (unpublished yet). After almost 50 years of researches
I can confirm that to play Differential Games is very attractive, they may find
effective applications in the far future moreover even in the present period a lot
of applied problems in the form of differential games for example the problem
of automatic landing airplanes and robotic control of automobiles but such kind
problems can be solved only approximately as in front of them theory is forceless.
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Synthesis of Suboptimal Control in the Time-Optimal
Problem for the Equation of Heat Conductivity

J.A.Bakhramov
Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent,
Uzbekistan
bahramov_jasurbek@mail.ru

Consider the equation

ou(t,x
2)  Afu(e )t 2) + ol ) )
with initial and boundary conditions
u(0,2) =ug(x), ult,s) =w(t,s), (2)

where A is a uniformly elliptic differential operator, t > 0, x € D, D — regular
domain with Lyapunov boundary I', s € I', M is a differential operator whose
order is less than the order A.

The direct application of the Pontryagin maximum principle to problem (1)
and (2) is difficult. Therefore, in [1], the method of expansion in the system of
eigenfunctions of the operator A was applied. As a result of this decomposition,

the problem reduces to a system

d

pri i Nk ok, yk(0) =yro, kK=0,1, 2, .. (3)

In our work, to construct suboptimal control, we use the method of grouping
terms of a Fourier series. Unfortunately, its effectiveness is strictly related to the
specific type of eigenfunctions ¢y (), therefore, the method is demonstrated here
using A = j—;.

Thus, consider the problem

%:%—Fv(t,x), lu(t,z)| <wvy, t>0, 0<uz<m,

4

u(0, ) = up(x), u(t,0) =0, u(t,m) = 0. (4)

Then the eigenvalues are equal A\, = —k? and the system of eigenfunctions
consists of pp(z) = sinkx, k=1, 2, ..., which will be a complete orthogonal

basis of the space Ls[0, 7.
Consider such a constraint

max | ugsinkz + vgsin2kz | < py, kel, (5)
0<x<m
where the sequence py is chosen so that >~ pr = wy condition is satisfied.

kel
The set (ug,vg) satisfying inequality (5) is denoted by Pi. Let P =

{(u,v) € R?| max |usint+ovsin2t| <1 ;.

0<t<r
Then P, = p i P. As a result, the problem of constructing a suboptimal control
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is reduced to the time-optimal control problem for a two-dimensional system
t=—-x+u, y=—4dy+v, (u,v)€ P (6)
First of all, we note that in auxiliary problem (6), for each initial point
(20, o), there is a unique time-optimal control [2|. Therefore, the optimal controls
of problem (5) coincide with the extreme controls of the Pontryagin maximum
principle [3].
Theorem. The function

u(t,z) = Z WY(t) sin ka
is a suboptimal control in the problem (4) for the initial state ug(x).
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An Evasion Problem for the Pontryagin Example

A.A.Hamitov!, O.B.Doliev?, M.A.Horilov?
123 Namangan State University

Let P and E objects with opposite aim be given in the space R" and their
movements based on the following differential equations and initial conditions
P:i—-at=u, 1 —kxy=0, (1)
E:gj—ayzv,yl—ky():[), <2)
where x,y,u,v € R", n > 2, a # 0 and k is arbitrary; z(0) = ¢, y(0) = y, are
the initial locations of the objects respectively at t = 0 and it is assumed that zy #
yo; r1 = 2(0), y1 = y(0) are the initial velocity of the objects correspondingly at
t = 0; u is the acceleration vector of the pursuer and here the temporal variation
of u must be a measurable function u(-) : [0,00) — R". We denote by Ug

the set of all measurable functions u(-) satisfying geometric constraint (briefly,
G-constraint):

lu| < «, for almost every t > 0, (3)

where « is a positive parametric number which means the maximal acceleration
of the pursuer. Similarly, v is the acceleration vector of the evader and here the
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temporal variation of v must be a measurable function v(+) : [0,00) — R". We
denote by Vi the set of all measurable functions v(+) satisfying G-constraint:

lv| < B, for almost every ¢t > 0, (4)

where [ is a positive parametric number which means the maximal acceleration
of the evader.

Once the players admissible controls wu(-) and wv(-) are chosen, the
corresponding motions x(¢) and y(t) of the players are defined.

The evader E struggles to avoid an encounter i.e., to reach the inequality
x(t) # y(t), for all t > 0 and the aim of the pursuer P is capture the evader E
i.e., fulfillment of the equality z(t) = y(t) ( see [1]-[4]).

Definition. In the differential game (1)-(4), we call the strategy of the evader

the following function:

20

vi(t) = B, t>0, (5)

ol
where zy = xg — yo # 0.

Theorem. Let 6 = a — 3 and one of the following conditions holds
a)d >0, a>0=k>d/a|z|,b)d=0, a<0=k¢€[a, +oc0),
)0 =0, a>0=k>0,d)d<0, a<0=k>d/a|z.

Then in differential game (1)-(4), the evasion problem can be solved.
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Pursuit-Evasion Game on the Regular 600 Vertexes
Polyhedron in the Space R*

A.G.Holboyev
Tashkent Pedagogical University, Uzbekistan, Tashkent

Let Mgy denote the graph of 1-skeleton of the regular polyhedron with 600
vertices in Euclidian space R* [1]. The team of Pursuers P = {P, P, ..., P,}
and one Evader () moving along Mgy play a pursuit-evasion differential game.



26 Section. Optimal processes and Differential games

All points have equal maximal speeds. The process of pursuit-evasion begins from
initial positions P (0) = {P1(0), P(0),..., P,(0)} and @ (0). If one of the players
chooses concrete strategy and another chooses arbitrary control function then
corresponding trajectories P (t) = {Py(t), Pa(t), ..., P,(t)} and @ (¢) will be
defined. The aim of the team of pursuers is to reach the equality P; (t) = Q ()
for some?=1,2,...,n and t > 0, for any initial positions. The aim of evader is
opposite, i.e. to hold the condition P, (t) # @ (t) foralli =1, 2,...,nand ¢t >0
for some initial position (see [2]).

Obviously, if n is large enough then the team of Pursuers can win the game.
The least value of n that n Pursuers win the game, will be denoted by N (Mgq).

Theorem. 4 < N (Mgy) < 6.
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Linear Evasion Differential Game of One Evader and

Several Pursuers with Integral Constraints
G.ILIbragimov!, M.Ferrara?, B.A.Pansera?
Y Department of Mathematics and Institute for Mathematical Research,

Unwersiti Putra Malaysia, Malaysia
2 University Mediterranea of Reggio Calabria Department of Law, Economics
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In the present paper we study a linear evasion differential game of many
pursuers and one evader. The controls of players are subjected to integral
constraints. We construct an explicit evasion strategy.

Let z1,...,2,, m > 1, be the points moving in R" whose dynamics are
described by the equations

Ty = =N +v—u;, x;(0) =2, i=1,2...,m, (1)

where u1, ..., u,;, are the control parameters of pursuers and v is that of evader,

N >0, 2,20 upv €ERY n>2 20 #£0,i=1,...,m.

1



Section. Optimal processes and Differential games 27

Definition. Measurable functions u;(t) and v(t), t > 0, that satisfy the
following integral constraints

/ w; (B))2dt < p7, i=1,...m; / lv(t)|?dt < o (2)
0 0

are called controls of the ith pursuer and evader, respectively.

Definition. A function (t, 21, ..., Ty, Uy ooy Upp) > V(E, X1, oy Ty Uy vey Upy)
V :]0,00) x R?"™ — R" is called a strategy of evader if the following system of
equations

i‘i:—>\i$i—|—V(t,$1,...,$m,u1,...,um), I‘Z(O):LE?, Z':l,...,m,
has a wunique solution (x1(t),...,xn(t)), t > 0, for any controls
(ur(t), ..., um(t)), of pursuers and along this solution

/Ooo ’V(t, ZCl(t), - :Cm(t), ul(t)’ L :um(t))‘th < o2

Definition. If there exists a strateqgy V' of evader such that for any controls
of pursuers x;(t) 0,1 =1,...,m, t > 0, then we say that evasion is possible.

The problem is to find a condition for evasion to be possible. Thus,
the evader knows the values x1(t),...,zn(t), ui(t),...,u,(t) of parameters
X1,y T, UL, - -, Uy at the current time ¢. Pursuers apply arbitrary controls
ur(t), ..., un(t), t > 0, and try to realize the equation x;(t) = 0 at least for one
i €{1,2,...,m}, whereas the evader tries to maintain the inequalities x;(t) # 0
foralli=1,....mandt > 0.

Theorem. If p? + --- + p2, < o2, then evasion is possible in game (1)-(2).

It is sufficient to consider the case when n = 2 and p? := p} + -+ + p?, < 0?
(see, for example, ([3], [4]). We have studied a linear evasion differential game of
many pursuers and one evader. We have constructed a strategy for the evader
and proved possibility of evasion. The evader uses a manoeuvre on a set J; and

1/2
one the set [0, 7]\ J; evader uses the control v(t) = <O, a+ (27;1 \uj(t)P)

The measure of the set J; can be made by choosing parameters a; and « as small
as we wish. We have also shown that all the approach times 7; can occur only
before a specified time Ty, moreover 7, < T. The total number of approach times
7; of all pursuers doesn’t exceed the number of pursuers m. For ¢ > T', the evader

1/2
uses the control v(t) = (O, (Z;n:l |, (t)|2> ) and there is no longer approach

time occurs.
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The Pursuit Problem with Gronwall Constraint for the

Evader

S.N.Inomiddinov!, N.T.Umaralieva?, E.T.Umarov?®
123 Namangan State University

Consider two players, a pursuer and an evader, moving in the space R". The
subscripts P and E will be reserved for the Pursuer and Evader, respectively.
Suppose x and y are the locations of the pursuer and the evader respectively. Let
objects P and E with opposite aim be given in the space R and their movements
described on the following differential equations:

P:i=u, 2(0) =, E:y=v, y(0) =y,
and assume that xo # yo; where x,y,u,v € R", n > 2; x¢ and yy are the initial
states of the players P and E correspondingly at ¢ = 0; u is a control parameter
(velocity vector) of the pursuer, v is that of the evader. Control parameter u is
selected from the class of measurable functions Ug, satisfying geometric constraint
(briefly, G-constraint): |u(t)| < «, for almost everyt > 0.

Similarly, v is selected from the class of measurable functions Vi, satistying
Gronwall constraint (briefly, Gr-constraint): |v(t)]* < o2 4 21 f(f lv(s)|* ds , where
a>0, 0 0>0.

The measurable functions u(-) € Ug and v(-) € Vg, are called admissible
controls of the pursuer P and the evader E respectively.

Once the players admissible controls wu(-) and wv(-) are chosen, the
corresponding motions z(t) and y(t) of the players.



Section. Optimal processes and Differential games 29

The object of the pursuer P is capture, i.e., to achieve the equality z(t) = y(t)
and the evader E struggles to avoid an encounter.
Definition. The function
u(v) = v —A(v)&
is called the strategy of parallel pursuit (the 1l-strategy) of the pursuer P in the
differential game, where M(v,&) = (v,&) + \/(U,§0>2 +a2— |, & = 2 and

|20l

(v, &) is the scalar production in space R™.

Definition. In the differential game, time T is called a guaranteed pursuit
time if it is the upper boundary of t satisfying x(t) = y(t).

Theorem. If the conditions o > o, [|z| +a < o+ aln? hold, then the
guaranteed pursuit time exists:
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Linear Differential Game with Gronwall Constraint

U.A.Mirzamahmudov!, A.X.Akbarov?
L Namangan State University, 2Andijan State University

Let the motions of the pursuer P and the evader E be described by
the following differential equations, initial conditions and Gronwall constraints
(briefly, Gr-constraint)

P:i—ax=u, z(0)=ux, (1)

E: y—ay:v, y(O):yO, (2>
where x,y,u,v € R", n > 2, and a is arbitrary; u is the velocity vector of the
pursuer and here the temporal variation of u must be a measurable function
u(-) : [0,00) = R™ We denote by Ug, the set of all measurable functions u(-)
satisfying Gronwall constraint (briefly, Gr-constraint):

() < p? + 2 / u(s) 2 ds. (3)
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Similarly, v is the velocity vector of the evader and here the temporal variation
of v must be a measurable function v(-) : [0,00) — R". We denote by Vg, the
set of all measurable functions v(-) satisfying Gr-constraint:

lw(®))? < o? +zz/0 lu(s)|* ds, (4)

where [ # a; and p, o, [ are nonnegative numbers.

By virtue of the equations (1)-(2) each pair of (zg, u(-)) and (yo, v())
generates the trajectories of motion z(-), y(-). The goal of the pursuer P is capture
the evader E, i.e., achievement of the equality x(t) = y(t) and evader E strives
to avoid an encounter.

Definition. The following function is called 1-strategy of the pursuer [2]-[4]:
u(v) =v—A()&, (5)

where A(v, §o) = (v, §o) + \/(U,§o>2 + (pe)’ — v, & =20/ |20|, (v,&) is the
scalar product of the vectors v and &y in the space R".

Theorem. If in the game (1)-(4), one of the following conditions holds
1.p>o0, a<0; 2.p>0,l<a<l—i—p|— 3. p>0, 0<a<l

-0,
20 )

then by virtue of strategy (5) the guaranteed pursuit time will be as follows:

T:Lm(MH)

[ —a p—0
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Necessary Optimality Conditions for Problems with
Unbounded Differential Inclusion

E.S.Polovinkin
Moscow Institute of Physics and Technology, Moscow, Russia
polovinkin.es@mipt.ru

In the famous work [1], Pontryagin and his colleagues used a very efficient
direct variational method in order to prove necessary optimality conditions, which
were later called the “Pontryagin maximum principle.” This method is based on
the linearization of a nonlinear controlled dynamical system near an optimal
trajectory. As a result, for the arising linear system of variational differential
equations, an adjoint system of differential equations was constructed, and it
was proved that under certain boundary conditions the corresponding solution
of the adjoint system is a normal vector to the attainability set of the original
control system at the points of the optimal trajectory at any instant of time. This
was analytically expressed as the Pontryagin maximum principle, transversality
conditions, and some other properties of the adjoint system.

The first attempts to develop Pontryagin’s direct variational method for
optimization problems in the case when the control system is not smooth were
made in [2| for a controlled dynamical system represented as a differential
inclusion with convex right-hand side. In [3|, the present author and Smirnov
generalized Pontryagin’s direct variational method and obtained necessary
optimality conditions in optimization problems with differential inclusion in the
case when the right-hand side of the differential inclusion takes compact (possibly,
nonconvex) values and satisfies the Lipschitz condition in the Hausdorff metric. In
the present report, continuing the studies of [4-9], we generalize Pontryagin’s direct
variational method to the case of Mayer optimization problems on an interval
with a differential inclusion whose multivalued right-hand side takes unbounded
nonconvex values, depends measurably on time, and is pseudo-Lipschitz with
respect to the state variable, in the presence of state constraints at the initial
and terminal points.

Eventually, we prove necessary conditions that also contain the
Euler-Lagrange differential inclusion whose graph is a normal cone. However,
we use a narrower normal cone than the Clarke normal cone or even a partially
convexified limiting normal cone (cf. Theorem 2.2.3 in [11]). In conclusion, we
give an example of a problem in which the necessary optimality conditions
obtained in the present study are more precise compared with other necessary
conditions known in the literature (see, for example, [10, 11, 12]).
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Damping of Same Infinite Oscillated Systems

Risman Mat Hasim!, Gafurjan Ibragimov?

L2 Department of Mathematics, Universiti Putra Malaysia, Serdang, Malaysia

Let A1, Ao, ... be a sequence of positive numbers, and r be a fixed number. We
introduce into the consideration the space

?={a=(aa,..): Z)\ga? < 00}
i=1

with the inner product and norm
1/2

(0. ¢]

(&76)T = Z)‘rzro%ﬁla 0475 € l%a HaH = Z)\;O{ZQ
i=1

1=1
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Let Lo(0, T'; 12) be the space of the function f(t) = (f1(t), fo(t),...),0 <t < T,
with measurable coordinates fi(t), 0 <t < T, satisfying the inequality

00 T
S [ 1ty Pt < oc,
k=1 9

where T is a given positive number.
We introduce into the controlled oscillating systems described by the
differential equations
Be= =Mz — g+ vg, 26(0) = 23, 4(0) = 2, k=1,2, ..., (1)
where zg, ug, vg, 2, 2z € RY, 20 = (20,20,.) € 12, 2! = (2],2,...) €
2, 112% + |21 # 0, u = (ug,us,...), are control parameters. In paper [3] The
author proved that the damping of oscillating systems(1) is possible in finite time.
Now, we consider the controlled oscillating systems described by the
differential equations
Zie = —AeZik — Uik + Uk, 2i(0) = 25, Z1(0) = 2, k=1,2,..,i=1,...m (2)
where zig, Wi, Vg, 25, 2 € RY, 20 = (28,20, .)€ 2, 2l = (2}, 28, ..) €
2,129+ 112H] # 0, ui = (uin, ue,...), @ = 1,2,...,m are control parameters,
v = (v1, 02, ...), is an interference. We assume that u;(.), v(.) € L2(0,T; 1?).
Let

o T
B(p, to, T) - {f<) - (fl(')7f2(')v ) : Z/\Z/ ‘ fk‘(t> |2 dt < p2}7
k=1 f
i.e., B(p, to, T) is a ball of radius p in Ly(tg, T; 12).
The following statement is the main result of the paper.
Theorem. If \g = inf,exy A\, >0 and p}+ ... + p2, > o2, then the damping
of the oscillating systems (2) is possible for a finite time.
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The Strategy of Parallel pursuit in the Nonlinear
Differential Games

B.T.Samatov', A.I.Sotvoldiyev?
I Namangan State University
2 Institute of Mathematics, Uzbekistan Academy of Sciences
samatovd7@inbox.ru

Consider the differential game [6] described by the equations

$:u+f(t7x)7 y:U—i_f(tay)a x(o):an y(O):yO, (1>
where x,y € R", n > 2; the function f : R, x R" — R" satisfies Caratheodory’s
conditions and Lipschitz condition on second argument, xg,1yy are the initial
positions of the Pursuer X and Evader Y respectively.
For the measurable control functions u(-) : Ry — R" v(-) : Ry — R" of the
X and Y respectively the conditions

lu(t)] < a, for almost every ¢ >0, (2)

lv(t)] < B, for almost every ¢ >0, (3)
will be subjected, where o and [ are a nonnegative parametric numbers.

In this work, we consider the Intercept Problem, when objects move in an
external dynamic flow field [6]. We will be based on Pontryagin’s formalization [4]
and uses method of resolving functions [3] and the proposed method substantiates
the parallel approach strategy [1], [2], [3], [5] i.e., the II-strategy.

Definition. A strategy u (t,x(t),y(t),v(:)) is called winning for X on the
interval [0,T) in the game (1)-(3) if for every v(-) € V there exists a moment
t* € [0,T] such that the equality x(t*) = y(t*) holds.

Definition. If o > |w|, then the function
u(t, w) = w — A(t, w)&, (4)
is called the Il-strategy or intercept strateqy of pursuer in the game (1)-(3), where

AMt,w) = (w, &) + \/(w,§0>2+042 — ]w\z, & = 20/ |20|, 20 = o — Yo, w =
U+f(t7 y)_f(tu x)

Consider particular case of the game (1)
T =u+ A(t)x + b(t), z(0) = xo, (5)
y=v+Al)y+b(),  y(0)=uw,
where A(t), ¢ > 0 is an n x n real matrix function, b(t), ¢ > 0 is real vector
function.
Theorem. If |A(t)| < k,t >0 and a > B + k |z| then the Il-strategy (4) is
winning strateqy for the player X on the interval [0,T] in the game (5), where
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T:%m#@%' if k # 0, T:% if k=0, || — Euclidian norm.
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The Intercept Problem in Dynamic Flow Field with
Different Influences

B.T.Samatov', U.B.Soyibboev?
L2 Namangan State University
samatovd7@inbox.ru

In this work, the Intercept Problem is studied when objects move in dynamic
flow field with different influences. Here we have presented more general conditions
for flow field. The main aim is to construct analogies of II-strategy for pursuer in
nonlinear differential games and apply the method of parallel approach [1], [3].

Suppose that in R™ a controlled object P called the pursuer, chases another
object E called the evader. Denote by x the position of the pursuer and by y the
position of the evader in R". In the present, we consider the Intercept Problem
when the objects move in accordance with the equations [4]:

P: i =u+t f(t,x), =(0)=m, (1)
E:y=v+ygty), y0)=yo (2)
where x,y,u,v € R", n > 2; xg, yo are the initial positions of the Pursuer P

and Evader E respectively. For the measurable control functions u(-) : Ry x R™,
v(+) : Ry x R" of the P and FE, the conditions

lu(t)] < «, for almost every t > 0, (3)
lu(t)| < B, for almost every t >0 (4)
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will be subjected correspondingly, where o and [ are nonnegative parametric
numbers.

In the theory of Differential Games an inequalities of the forms (3) and (4)
are usually called an geometrical constraints for control functions (briefly G-
constraints) and denoted the class of admissible controls pursuer, i.e., of all
measurable functions satisfying an G-constraint (3) by U and denoted the class all
of the admissible controls evader satisfying G-constraint (4) by V. It is supposed
that f(¢,z) and g(t, x) satisfy Caratheodory’s and Lipschitz’s conditions.

Definition. A strategy uw(t,z(t),y(t),v(t)) : Ry XxR"xR"xSg — S, is called
intercepting for P on the interval [0, T in the game (1)-(4), if for every v(-) € V
there exists a moment t* € [0,T] that is to reach the equality x(t*) = y(t*), where
x(t) and y(t) are trajectories generated during the game and S, is a ball of a
radius o in R".

Definition. If o« > |w|, then the function

uw(w) =w — AMw)é, Mw) = (w, &) + \/ ‘a2 —|w| (5)
is called intercepting or 1l-strategy of the pUTSuer in the game (1)-(4), where & =
20/ 20|, w =w (t,z,y,v) =v+g(t,y) — f(t,z) and |u(w)| = a, 20 =20 — Yo .

Proposition. There are a Lebesque-integrable functions k(-) : Ry — Ry and
h(-): Ry — Ry such that
[f(t,x) —g(t,y)| < k) |z =yl + h(t)
for all z,y € R™.

Proposition. Let
a) there exists positive root of the equation WU(t) = 0 with respect to t, where
t
U(t) = |2o| = [y exp (= [y k(r)dr) (@ — B — h(s))ds;
b) satisfies the following condztwn a > 5 + k(t ) () + ( ), when t € [0, T,
where T =min{t: V(t) =0}, ®(t) = V(t)exp fo k(s)ds

Theorem. Let all propositions and assumption are satisfied. Then the II-
strateqy (5) for the player P is intercepting on the interval [0, T| in the game
(1)-(4), where T is the smallest positive oot of the equation V(t).
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Solvability of Systems of Convex Inequalities in Banach
Spaces

S.E.Zhukovskiy
Moscow Institute of Physics and Technology, V.A. Trapeznikov Institute of
Control Sciences of RAS

s-e-zhuk@Qyandex.ru

Let a linear space L over the field R, a linear operator A : L — R™, a vector
b € R™, functions f; : L — R, i =1,...,k, a convex set X C L, and two finite
sets of indexes I; and Iy such that I; U I, = {1,...,k} be given. Consider the
system

fz(x) <0, 1€l fz(.%') <0,1€l,, Ar=0b ze€lX. (1)
Assume that f; are proper convex functions, X C dom(f;) for alli=1,.... k.
We say that the system
filz) <0,iel;, Ar=b x€X (2)
is strictly solvable if 3z € X : Az =band f;(z) <0Viel.
Theorem. Assume that the system (1) is strictly solvable and b € ri(AX).
Then, one and only one of the following assertions is valid.
(1) There exists a solution x € L to the system (1).
(ii) There exists a nonzero vector i = (py, ..., g, 1) € R¥*™ where i € R™,
such that

k
> filw)pi+ (Av —bfi) >0 Vz € X,
=1

w; >0 for eachi € {1,....k}, p € span(AX —b), and p; > 0 for some i € I.
In the case when the system (1) consists of strict inequalities only, Theorem
coincides with the Ky Fan’s Theorem (see [1]). There are some other well-known
results (see, for instance, [2], §21) analogous to Theorem.
The investigation is performed in the Moscow Institute of Physics and
Technology:.
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O momudumpoBaHHOM TpPEThEM METOe IIpecieJOBaAaHU

N.M.NckanaKueB

Tawxenmerutl TUMUKO-METHON02UNECKUT UHCTUMYM
1skan1960Q@mail.ru

I[Tycrs K (RY)( coorsercrrento C(R?)) — cemeiicTBO Beex HEIYCTHIX KOMITAKT-
HBIX (3aMKHYTBIX) ToamHoxKecTs RY B ciryuae BLITYKIOCTH MHOMKECTB IMHIIEM
coK (R?) (coorsercrsenno coC(R?); w = {79, 71, T, ..., T} — pasOuenue oTpeska
A=[0,7)(0=7 <7 <7 < .. <T, =T, n MOKeT 3aBHCATb OT w); [, —
O3HAYAET WHTErPUPOBAHNE TPOU3BOJUTCS MO OTPE3Ky 0; = [7;_1, 74|. Pacemorpim
VIIPABJISIEMYIO CHCTEMY

z e —F(tv), (1)
ez € RLveQ e K(RY),t € A=1[0,7], F: R? x Q — coK(R?) nenpepnis-
Ho. Kpome Toro, mano muoxkecrtso M, M C C (Rd), Ha3bIBaEMOEe TePMUHAJIbHBIM
MHOKECTBOM.

Bajada npecienosanust B nojaxoie JI.C. TloHTpsiriHa cTaBUTCs CJIEAYIOINIM
obpazom — IIycTb BeIOpaH Kiacc crpareruii U npeciegoBareis 1 3aaHbl Hada Ib-
Hasl TOUKA Zg ¥ HOJOXKUTEIHHOE YUCIO0 T. BOZMOXKHO JIM U3 TOUKHU Z) 3aBEPIIATD
pecjejoBate 3a BpeMs T B Kjacce crpareruii U?

[TepBbivu 3hPEKTUBHBIME METOAAMIE PEIIEHNs 3a/1a4 TAKOTO BUIa ObLIM [1Psi-
mbie MeTojibl [lonTparuna [1]. B |2, 3] npemioxkensr Mmogndukanmm mepBoro mpsi-
Moro meroja llonrpsaruna. Ilycrs cl® oboznagaer cemeiicTBO BceX M3MEPHUMBIX
3aMKHYTO3HauHBIX oTobpazennit A(+) : I — C(R?) ya0BIeTBOPAIIIX YCIOBHIIO

/ A(t)dt € M.
A

[To kaxmomy A(+) € cl® mocrponm mHTErpas

WA= [ A + Pt 2)
A veEQR

B [4,5] npemioxkena jasbHeiimas MomuduKalys MepBoro mpsiMoro MeToJla
[TouTpsiruHa, OCHOBaHHAsi HA PACCMOTPEHHsI OObeIMHEHUs] MHTErpajoB (2) 1o

BeeM A(+) € cl®. T.e. J0KA3AHO, UTO €CIIN BBIIOJHEHO BKJIIOUCHUE

weWy = |J WIAQ)L
A(-)ecld

10 B urpe (1) MOXKHO 3aBepIIUTh IPEC/IeI0OBAHNS 38 BPEMsI T B KJIACCe CTPOOOCKO-
nuyeckux crpareruif. JIerko ybepurest ClpaBe/yinBoCThb CJIeJyIoliee BKIIOUeHHe
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Wi c Wi (W] — unrerpas nepsoro meroja lontpsruna). Ins kparkocrn Wi
Oy/leM Ha3bIBATh TPETHUM HMHTEIPAJIOM.

B [6] JIOKaQ3aHO0, YTO BePXHUII 1 HUKHUI a/IbTePHUPOBAHHDII NHTErpaJibl JaloT
HEOOXOIUMOE U JIOCTATOYHOE YCJIOBHUE JIJIsi 3aBEPIICHUS MIPecej0BaHue B MOMEHT
BpEMEHH T COOTBETCTBEHHO B BEpXHEH M HUXKHEH uUrpe B Kjacce CleluabHbIX
crpateruii mpecsieioBaress. B pabore |7| mokasamno, aro unrerpas Wi mist jumHeii-
HbIX AuddepeHnnaabHbIX UI'D JaeT HeoOXOIAMMOe U JIOCTATOUYHOE YC/IOBUE 3aBep-
IIeHIe MIpecjeloBaHue B Kjacce CTPOOOCKOONIeCKUX cTpaTeruil. 3/1ech 1oc/ieIHMii
pesysbTaT 0bobmaeTes it urp Kiaacca (1).

[lyectrb w ={0 =79 <7y < Tp < ... < T, =T} — NPOU3BOJILHOE pa3OUeHUe
orpeska A = [0, 7]. [ostoxkum

L= (]2 [
L(w) = ZL L' LT(A() = [ ) L(w): (4)

/ At)dt + / F(t, U)dt] dt. (3)

1 7

Teopema 1. /s a06020 A(-) € cl® umeem mecmo pasencmeo
WIA()] = L7(A(+)) (5)
CraencrBue. CrupaBejJInBo PaBEHCTBO
wi= |J LTAC)
A()ecl®
Teopema 2. Jlasa mozo, wmobw, 6 uzpe (1) cywecmeosara cmpobockonue-

CKaA cmpameus Npeciedosamend, 3a6ePULAIOULAA ULPY 6 MOMEH EPEMENHU T,
Heobxodumo u docmamouno zy € Wy .
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AnropuTtMm pemnieHnsd JUHENHO MIHMMAKCHOI 3aJa4u
cOJIM>KeHns YKJIOHEHUS

A.P.MamaToB

Buwicuiee soennoe asuayuonnoe yyusuwe Pecnybauxu Yaoexucman

3a1a4y 0 HelyCcToTe MHOYKECTBa ILIAHOB 3a/aui JIMHEHHOro NporpaMMUupoBa-
HISl MOYKHO PElIUTh ¢ IMOMOLIBIO CIIEIUAILHON 3a1a49i JTUHEHHOTO IPOrpaMMUIPO-
BaHus (3a1a49a nepBoit daswl) [1]. Anasorndnas 3a1a9a, BOSHUKAOIIAS B UTPOBBIX
3aJladax CO CBSI3AHHBIMU TIEPEMEHHBIMU, UCC/Ie0oBana B pabore [2|. B panuoii pa-
0OTe UCIOJIb3YsT Pe3YJIbTATHI 2], TIpe/IIoyKeH AJITOPUTM PEIIeHUs OJTHOf JTMHEeHHOT
UIPBI JIBYX JIAIL (MITPOKOB).

[Iycts Ha dbukcupoBanroM orpeske Bpemenn 1T' = [0, t*] nmoBejenne cucrembl,
VIIPaBJIAEMON ABYMs UTPOKAMU, OIKChIBaeTCa A depeHaabHbiM yPaBHeHAEM
[3-4]:

T = Ax +bu+dv, x(0) = x. (1)
Buech x = x(t) = (w1(t), xo(t), ..., (1)) — BEKTOp COCTOSIHUSI CHCTEMBI B MOMEHT
t; u=wu(t), v =v(t) — 3HAYEHUs YIIPABJSIONINX BO3IEHCTBIIT IEPBOTO U BTOPOTO
UI'POKOB B MOMEHT BpeMeHn t; A — mocrosiHHast n X n-marpuna; b, d, xy— 3ajJaHHble
N-BEKTOPbI; TPAHCIIOHUPOBAHIE MATPHUILI 0003HAYEHO HITPUXOM.

Dynukinsa KycouHo-nocrosinias u(-) = (u(t),t € T), HenmpepbIBHAS clipaBa,
yaosyeTBopsiiotieil HepaerctBam f, < u(t) < f* ¢t € T, HaspiBaercs ynpasJie-
HueM 1epsoro urpoka. Kycouno-nocrosinnast yuxius |3, 8] v(-) = (v(t),t € T)
C MHOYKECTBOM KBaHTOBaHust T = {t1,lo,....t1},0 = t; < to < ... < ) < tj;1 =
t*(l > m), ynosierBopstioniag HepasenctsaM g, (t) < v(t) < g*(t),t € T, nasniBa-
eTcs yIpaBJieHneM BTOPOro urpoka. 3j1ech g«(t), g*(t), t € T, 3ajaHHbIe IMITY/THC-
Hble (DYHKIMU ¢ MHOYKECTBOM KBaHTOBaHust T. Kakjoit mape (u,v) ympasiieHuii
HI'POKOB €JIMHCTBEHHOE HempepbiBHOe perernne z(-) = (z(t),t € T) ypaBHeHus
(1) — TpaekTOpHs JUHAMIYIECKON CUCTEMBI.

IIycte H — 3amannas IOCTOAHHAA M X 1 MATPUTIA, ¢ — 38JaHHDLINA 11 BEKTOP.
Beesiem B pacemorpenne tepmunasibioe muoxkectso M = {xz € R" | Hx = g}.

Paccmompum caedyrougyio sadawy. IBa urpoka, BIOUpAIOT yipaBjienue u(-) =
(u(t),t € T), fe <wu(t) < f5te T, nou(-) = (vt),t € T)g.(t) <ovt) <
g*(t),t € T noouepesto, cHavdasia meppblii Urpok Boidbupaer u(-) = (u(t),t € T),
sareM, 3uas u(-) = (u(t),t € T'), Bropoit urpok Beidupaer v(-) = (v(t),t € T).

Ile/b mepBoro Urpoka 3axjrodaercs Bbibopom yupasienue u'(-) = (u'(t),t €
T'), He JOMYCTUTDH TONAJAHNE TPACKTOPUs cucTeMbl (1) B MoMeHT t* B MHOXKe-
ctBo M, a 1enab BToporo urpoka — sbibopom yupasienue v0(+) = (v(t),t € T),
epeBecTr TpaeKTopui cucreMbl (1) u3 Touku o B MHO)KecTBO M 1ipu ¢,

3aJ1a4a UCCIeyeTcs CBeJAeHUeM K ClelUalbHoi Hervia Kol 3a1a4e OlTHMI3a-
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IHn:
J(u) = min h.x(t*) — gi| — max,
()= min 3 () i =
T = Ax +bu+dv, x(0) = x,
fo Sut) < 7 9.8) <o(t) <g'(f),t €T
rae I = {1,2,...,m}, h; —i-as crpoxa Marpuupl H; g; — i-as KOMIOHEHTa BEKTOPA
g.

JIuteparypa
[1] Tabacos P., Kupumiosa @.M. Meroasr onruvusanuu. M.: Uza-so BI'Y, 1981.

[2] Mamaros A.P. Ajropur™ perienus oiHO Urphl ABYX JiuIl ¢ iepenadeii nadopmarmn. 2KKB-
MuM®, 2006, T. 46, Ne 10, C. 1784-17809.

[3] Aiizekc P. Tuddepentmanbubie urpst. M.: Mup, 1967. 479 c.

[4] Kpacosckuit H.H. Yupasienne nuramudeckoii cucremoii. M.: Hayka, 1985. 520 c.

HuddepeniuaabHble UTPLI HpecjieJ0BaHsd, ONUChIBaeMbIe
ypaBHEHUSIME JIPOOHOTO MOPSIIKa

M.III.Mamaros!, X.H.Ammmos?
! Hayuonarvnudi ynusepcumem Yabexucmana umenu M. Yayebexa
2 IIorcusaxcruti 2ocydapemeenioli nedazo2uneckuts unemumym

[lycTb jBuKeHne 00beKTa B KOHEYHOMEPHOM €BKJINI0BOM IpocTpaHcTBe R
ornucbiBaeTcs JnddepeHimaibHbIM ypaBHEeHIeM JIPOOHOTO MTOPsIKa BHIIa
YD = Az + Bu — GY + f(t) (1)
rie z > R", n > 1, OCDf‘ — oreparop japobHoro auddepennnposanusi, o > 0, t €
[0,T)], A—nxn, B—pxnuG — gXn M0CTOSTHHBIC MATPUIIbL, U, 1) — yIPABJISIOIINE
apaMeTphl, U-YIIPABIAIONINN HapaMeTp Mpec/eayoiero urpoka, u € P C RP, -
yIpaBJIAIONNii napameTp yoeraroriero urpoka, ¥ € () C RY, P u () — KOMIIAKThI,
f(t) — msBecTHast u3MepuMast BeKTOp-pyHKIWs. JIpobHYIO MPOU3BOAHYI0 OyIem
MOHMUMATH KaK JIEBOCTOPOHHIOW JpobHYyto mpoussoaayto Kamyro [1]. Hamomum,
YTO JIPOOHAsl IPOM3BOJIHAs KalyTo Impon3BOJILHOTO HEIe eBoro mnopsijaka a > 0
or byuxiun z (1) = ACIH (a,b) ,a,b € RY, onpejensiercs: BIpazkeHmem
t
ol+1
(op= () = b [T
(1—{ah)) dglei+l ¢ _ gyl

Kpome Toro B mpoctpanctse R" BbIeeHO TepMuHabHOE MHOXKecTBO M. Llenn
IIpecJIeAYIONIEro UI'POKa BBIBECTH z Ha MHOxKecTBO M, yOeraiommii HI'POK CTpe-
MUTCS 9TOMY TIOMeIaTh.
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Tepyunanbaoe muoxkectso M umeer sun M = My + My, rne My — nuneitHoe
nojrpocTpancTBo R, M — moaMHOXKECTBO TOAIPOCTpaHCTBa L — OpTOTOHATIBLHO-
ro gonosiHeHus: My B R™. m onepaTop oproronajbHoOro npoektuposanus u3 R” Ha
L; oyt onepariueil moHUMAETCsT OTepaIliisi FeOMeTpUIeckoro Berautanust [2]. s
pelieHnst 9Toil 3ajladu Mbl IpUMeHsieM Tak HasbiBaeMblii MeToj; H.FO.Carumona

13].

o0
ak
[lycts eAl = ZAk((kt—s-—l)a MaTpudHas a-skcrnonenta |1 w or > 0,
k=0
a(r) = we'ABP, ¥ (r) = me/AGQ. Obosnaunm uepes W(u,r) MHOKECTBO

(=10, + a(r)] 9 (r) onpegenennoe upu Beex > 0, 7 > 0. Pacemorpun nu-
rerpai [3| W (1) = [w(r, 7)dr.
0

Teopema. Ecau 6 uepe (1) npu nexkomopot T = Ty, GUNOAHAECMCA GKAIOUECHUE
T

— Tz — /7reﬁ<7_r) [Azo + [ (r)] dr € W (7)

0
mo u3 HavansvbH0o20 NOAOHCEHUA 2y MOHCHO 3ABEPWUMN Tlp€C./L€dO6’CLHU€ 34 BPEMA
T = T0-
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O06 MHBapMAHTHOCTH IIOCTOSHHOTI'O MHOTO3HAYHOTO
oToOpaXkeHusl B YIIPaBJIIeMbIX KoJiebaTeJbHbIX CHCTEMAaX

X.Ad.MycrarnokyJioB
Tawxenmerutl 20cydapemeernviti MeTHUMECKUT YHUBEPCUMEM,
m__ hamdam@mail.ru

PaccmorpuM ciesytoliee 3aauu  ylpabiideMas paclpejie/leHHasd CHCTeMa,
onuchbIBaeMast TUIIEPOOJIMIECKIM ypaBHeHeM |1]: ¢ BHerHero yrnpasieHust

2
PO de(tw) tultn), 0<1<T 2 e0, 1)

z(t,x) =0, 0<t<T, €0, (2)
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z(0,2) = 2% (z), 0z =2 (z), €, (3)
It |,y
rie z = z(t,r) — wHeusBecTHas (yHKIUsE, T — MPOU3BOJIbHASI MOJIOKUTEIbHAS
KoHcTanTa, 2°(+), 21(-) — HauaibHAg QYHKINS CKOPOCTb. YIPABICHUSMH ABJISIOT-
cst usMepuMble byaxiun u (+, ) € Lo (Qr) ,

rie Qr = {(t,x) |t € (0,T),x € Q}, nonoxxum Sy = {(t,x) |t € (0,T),x € 9N}.

B [1] nokazano, uro npu Juobbix u(-,+) € Lo (Qr) m 2°(-) € I/?/% (),
21(:) € Ly () zamaua (1)-(3) umeer epuncTsennoe pemenne 2 = 2 (¢, ) B Kiacce
W3 (Qr), rae W2 (Qr) — ruibbepToBo POCTPAHCTBO, COCTOAINEE U3 3JIEMEHTOR
npoctpancTBa Lo () , IMEIONIX KBAIPATHIHO CyMMEpYeMble 10 Q7 00001eH-
HbIE [TPOU3BOJIHBIE TIEPBOTO U BTOPOTO MOPSAIKOB U3 Lo (£2).

NsBectra, 9T0 s/mnTHYecKuii oneparop A mMeeT JAUCKPETHBI CIEKTD, T.e.
cobcrBeHHbIe 3HAUCHUS Ap, 0 < A1 < Ao < ... U COOTBETCTBYIOIINE COOCTBEHHBIC
dbyuknnm @ (), € {2, coCTaBISIONNE MOIHYI0 OPTOHOPMHIPOBAHHYTO CHCTEMY B
Ly (Q) [1-2]. Hasee, ucciemyem cabyro i CUIbHYIO HHBAPUAHTHOCTD TTIOCTOSTHHOTO
muoxkectsa [3-5] D (t) = [0,0], 0 <t < T, rue b — nosoKuTeIbHAS KOHCTAH-
ta. Hepes U 0603HAUNM COBOKYITHOCTH BCEX JIOMYCTUMBIX YIIPABJIECHMHIT, KOTOpas
COOTBETCTBEHHO OIPEJIEIISIETCS TTOJIOKUTEIBHBIX THUCIAX p.

Onpenenenune. Mroowcecmso D (t),0 < t < T, nasweaemca cusvHo
UHBAPUAHMHLM  OTMHOCUMEALHO cucmemv, (1), ecau Oas a00bT Hzo()H €
D(0), ||z ()| € wu(-,-) € U swnoansemea sxamouenue (z(t,-)) € D (t), npu
seex 0 <t < T, 2de () — coomsememesyrowan nopma, z(-, ) — coomeememeyrouiee
pewenue 3adavu (1)-(3).

Omnpenenienne. Muooceemeo D (t), 0 < t < T, naswseaemca caabo
UHBAPUAHMHBLM  OMHOCUMEALHO cucmemv, (1), ecau s A06bLT Hzo()H €
D(0), ||z ()] < eywecmeyem ynpasaenue u(-,-) € U maxoe, wmo (z(t,-)) €
D (t) npu ecex 0 <t <T.

Hama nanbreiinas 1eab sABIgeTCsd HAXOXKIEHUN CBI3U MEXKY MapaMeTpaMu
T, b, p Takum 06pa3oM, 4TOOBI 0OECIIEUNTDh CUJILHYIO WK CJIa0YI0 MHBAPUAHTHOCTD
muozxectBa D (t) wa orpeske Bpemenn [0, T orHocuTesnbHo cucteMbr (1).
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OO0 ycJoBusgX ONTUMAJIbHOCTA B MUHUMAKCHOI 3ajave JJjisi
andpdpepeHImaabHbBIX BKJIIOYEHNIA C TapaMeTpaMn

C.Oraxkynos, I'./I.CobupoBa
Camaprardcrutl 2ocydapcmeentwlil YHUBEPCUMEM,
otakulovb2@mail.ru

Yupasisiemble uddepeHnnaibible  BKIIOYEHUsT COCTABIAIOT OTAEIbLHBIN
KJIaCC, MPEICTaBIAIONINI HHTEpeC B KAYeCTBE OJMH BO3MOXKHBIX MOJeJIeil crucreM
VIIPaBJIEHUs B YCJIOBUSIX HEOIpe/ie/ieHHOCTH (MH(DOPMAIMOHHbIE OrpaHunveHst) [1-
4]. Juddepeniimanbible BKIIOYEHNS € TADAMETPAMI TIPEJICTAB/IAIT UHTEPEC MTPU
MCCJICI0BAHNEI MOJIC/Iel CUCTEeM YIIPAB/ICHNUSI, YUNTLIBAIONIX JIONYCTUMBIC N3MEHe-
HUST CTPYKTYPbI CHCTEMbI 1 (UJIH) MHOYKECTBA JIOIYCTUMbIX yiipaBjenuii. [ ta-
KUX MOjie/iei 60JIbInoe 3HaYeHne UMEeT BOIPOCH! YIIpaBjeHus ancaMb/eM TPaeK-
topuii cucremsr [5|. BosHukarormue mpu 9ToM 3a/1a91 OTHOCATCS K KJIACCY HErJIal-
KIX 3a/1a9 ONTUMAJILHOTO YIIPABJIEHNSI.

PacemoTpuM IMHAMIYECKYIO CUCTEMY 0e3 eJIMHCTBEHHOCTH, JIJIs KOTOPOH yKa-
3aHbl KJIACC BXOJHBIX YIPABJAMNX Bo3zeiicteuii u = u(t), t € T = [ty,t1], a
BBIXOJIHBIE KOOPJMHATBI N-MEPHOTO cocTosiuust & = x(t), t > tg, onpenessioTcs
Kak TpaekTopun JudepeHnnaaibHOr0 BKIUEH

T € A(t)I + b(t,u,q), ZC(to) - X(), U & U(q), q < Q, t e [to,tl], (1)
riae A(t) — n x n-marpuna, b(t, u, q) — kommakt R, U C R™, @ C R”. 31eck mpo-
IECC YIIPABJICHH 3aBICUT OT BLIOOPA ITAPAMETPA, ¢, KOTOPOE MOYKET XapaKTepu30-
BATh CTElEHb BO3EHCTBUS BHELTHUX CILJI MJIM BO3MOYKHDIE H3MEHEHNs B CTPYKTYPE
cucTeMbl yrpasjienuns. Urax, mapamerp ¢ B cucteme (1) siBIsieTcsT BasKHBIM 3J1e-
MEHTOM, IPUYEM €ro UIeHTH(UKAINS CYIIECTBEHHO 3aBUCUT OT KOHKPETHOM I1e/Iu
VIIPABJICHUS.

st cucrembl yrpasienusi (1) Oygem mpejmoarars: 1) 3JeMeHTbl MATPULIBI
A(t) cymmupyemsr za T'; 2) otobpazkenue (t,u,q) — b(t,u, q) m3mepumo o t € T
1 HETIPEPBIBHO 110 (U, ¢), IPUUIEM CYIIECTBYyeT cyMMmupyemast (pyHkust 5(-), Takast
aro ||b(t,u,q)|| < B(t),Vt € T, u € U(q), ¢ € Q. llycrs Up(Q) — MHOKeCTBO
BCEX U3MEPHUMbIX ONPaHUYEHHBIX yiipasjieruit; X (t1, u, ¢) — MHOKECTBO JIOCTUKIU-
moctu Jud epeHnuaabHoro BKiodeHns (1) B MOMEHT BpeMeHH ty.

PaccMoTpuM MUHUMAKCHYTO 33/[a4y yIpaB/ieHust Jjisi cucreMbl (1):

max Zmin (yi, P€) 1 € € X(t1,u,q) p — min, uw e Ur(Q), ¢€Q (2)
P Yi€Y;
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rie Y; — komnakT u3 R%, P — s X n-marpuiia. /lannas 3ajiaua oT/mdaeTcst HerJia/l-
KOCTBIO KPUTEPHUs OIEHKN KadecTBa yIpaB/eHHs. ByjeM nsydarb HeoOXojnMble
1 JIOCTATOYHBIE YCJIOBHUs ONTHMAJILHOCTH B 3ajade (2).

OO0BIYHO B 3ajladax ylpaB/eHnsl aHcamOJisi TpaekTopuil guddepeHnaabHbIX
BKJIIOUEHNI BOBHUKAIOT Pa3/IMUHble Heryiajkue (pyHKIMOHAJDbI, ONTUMI3AINS KO-
TOPBIX CJIeJlyeT OT Iejn yipasjienus. VcciaemoBanne KaxK ol Takoii 3a1adn cie-
JIyeT IIPOBECTH C yIETOM CTPYKTYPDLI CUCTEMbI YIIPABJICHUSI I KPUTEPUS KAUECTBA.

[Iycts Y = Y X Yo X --- XY,; coY — BrimyKIas obosouxa Muozkectsa Y'; 1 (t, )
— permterne cucrembl ¥ = —A'(t), V(t1,y) = P'y; C(D, ) — onopHast byHKIUs

ty
muoxectBa D, u(y) = C(Xo, ¥ (to,y)) + miél fml‘I/l C'(b(t,v,q),¥(to,y))dt.
qge to ve

Teopema. /s mozo, wmobwv, u*(t), t € T, 6viA ONMUMANLHOIM YNPAGAEHU-
em, ¢F — ONMUMANLHOIM 3HAYEHUEM napamempa q 6 3adave (2) neobxodumo u
docmamouno cywecmeosanue y* € coY , makoeo, wmo u(y*) = min u(y) u 6o

yecoY

NOAHEHUE YCAOBU:
tl tl
a) min [ min C(b(t,u,q),¥(t,y*))dt = [ nr}i(n C(b(t, u, q*), ¥ (t,y*)dt
tO ue

1€Q ¢, uel(q) q*)

0) Cb(t,w' (1), a"), w(t, 7)) = min C(b(t, v, "), (¢, y")) n.o naT.

[Toy4yennble HCOOXOAUMBIE U JJOCTATOYHBIC YCJIOBHUSA ONTUMAIBHOCTH I10KA3bl-
BAIOT, UTO peleHne 6ECKOHETHOMEPHOTT 9KCTPeMAJIBLHOM 3a1a4n (2) MOKHO CBECTH
K PEHICHUIO0 KOHeYHOMEPHDIX 9KCTPeMaJsbHbIX 3a/a4.

JIuteparypa

[1] Acee C.M. Dxcrpemasibible 3aga4n s auddepeHnuanbHbIX BKIOUeHUT ¢ (Hha30BbIMI
orpanndenugamu. luddepennuanbabie ypaBuenud. Hekoropble MaTeMaTHYecKue 3aJ1aqun
ontuMabHOTO yrpasiennsi. Coopauk crareit. Tp. MUAH, T. 233, Hayka, M.: 2001. C.
5-70.

[2] Acee C.M. OnruMusalys IHHAMUAKA YIIPABJISIEMOIl CHCTEMbI TP HAJINIUN (DaKTOPOB PUC-
ka. Tpyaer UMM VpO PAH. 2017, T. 23, Ne1. C. 27-42.

[3] Munuenko JI.I1., Tapakanos A.H. Meroibi MHOrO3HAYHOTO aHAIM3a B UCCJIEIOBAHUN 33104

yrpasiienus jauddepeHnmaabHbIMI BKIIIOYeHusIMu ¢ 3aras/biBanueM. Jloknamnsr BI'VIP,
2004, Ne1. C. 27-37.

[4] Campiros M.A. Onrumaibhbie 3a1aun i auddepeHnuaibHbIX BKIIOYeHHH ¢ BhazoBbiM
orpaHndeHueM. 1pyabl HHCTUTYTa IPUKJIAIHON MaTeMaTHKd BaKMHCKOrO YHHBEPCUTETA.

2013, T. 2, Ne1. C. 33-53.

[5] Orakynos C. Bagaun yupasienus ancambieM TpaekTopuii auddepeHnnaabHbIX BKIOYe-
uuii. Riga, Lambert Academic Publishing, 2019. 144 c.
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JocTaTouyHble yCJI0BHUSI ONTUMAJIbHOCTI B HEIJIaJIKOM
3ajlade yIrpaBJjieHus JJjisg audPepeHnnaJibHOTO BKJIIOYUYEHIS

C.Orakynos!, T.T.Xaiinapos>
Y Camaprandexuti 2ocydapemeennonti yrusepcumem
2 TIoicusakckuti noAUMeTHUMeckut: uncmumym
otakulovd2@mail.ru

B MaremaTndeckoii TeOpUH OITUMAaJbHBIX IIPOIECCOB BaXKHOE MECTO 3aHUMAIOT
3aJla9i YIIPABJICHNS B YCJIOBUSX HEOIPEJIEJICHHOCTH (HEeIOJTHOTHI MHMOPMAIIN ),
T.e. MOJICJIN, BO3HUKAIOIINE B PE3YJIbTATe ydeTa TaKUX BayKHBIX (PaKTOPOB, KaK
HETOYHOCTDb MCXOJHBIX JIaHHBIX, 3ala3dblBaHle NH(MOPMAaI, HEIOJHOTA HHQOP-
MaIii O TTapaMeTpax BHEIHUX CuI Bo3MyieHus, u T.i. |1, 2|. Muorue 3ajaqn
yIpaBJeHUs] B YCJIOBUAX HEOIPEJIEIEHHOCTU MOI'YT OBITh MCCJIEOBAHBI C IIPUMe-
HEHHEM MaTeMaTUIecKoro ammnapara JuddepeHnnaabHbIX BKIOYEHNI ¢ TapaMeT-
pamu. PazBuBaroTcs ucciiegoBaHus 3ajad ONTUMU3aINKN s I depeHiaib-
HBIX BKJIIOUEHUI ¢ 3ala3blBaHusIMi, JuddepeHnnalbHbIX BKIOYEHU ¢ HedeT-
KOl IIpaBoii 9acThio W JIPYIUX KJIaccoB JuddepeHnnaabHbIX BKJIIOYCHUN 1 WX
JMCKPeTHBIX aHaoros [3-6]. Bosuukaromme mpu 9ToM 3a/[a4i OTHOCATCS K KJIac-
Cy HeIVIaJIKUX 3a/1a9 OITUMAJILHOIO YIIPABJICHUSI.

Paccmorpum guddepennnaibioe BKIIOUEHIE

Cfl_f € Atz + bt u), t > by, a(to) = 2° (1)

rJie & — N-BEKTOP COCTOsIHUSI, % — M-BEKTOP YIpaBjeHus, u € V — BBIIYKJIbIi
kommakT n3 R™ A(t) — n x n-marpura, b(t, u) — wemycroit Komnakt u3 R". TIpes-
nostozkuM, 4to: 1) snementsl Matpun, A(t) u A;(t), i = 1,n, cymmupyembl Ha
T = [to, t1]; 2) orobpaxkenue (t,u) — b(t,u) usmepumo 1o ¢t € T 1 HENPEPHIBHO
o w € V, mpuaem sup ||| < B(t), V(t,u) € T x V, B(t) — cymmmpyemas Ha
~v€eb(t,u)
T dyuxiwyst. [Tycrs U(T) — MHOXKECTBO BCeX M3MEPUMBIX JIOMYCTUMBIX yIIDABJIe-
nuit; H (u, 2%) — MHOKeCTBO Beex abCo/IOTHO HelPEPBIBHBIX TPACKTOPUIl CHCTEMBI
(1). Ipu 3amanubx yeuopusax muoxectso H (u, x°) Herycro n npejkoMnakTo B
c™(T).
PaccMoTprM ctety1onyo MUHIMAKCHYTO 38189y
sup  J(z(-)) = min, u(-) € U(T) (2)
z(-)eH (u,z0)

rie J(z(+)) = g(x(t1)), g(§) = max mig (2,€), zi, i = 1, N, — 3aMKHyTble Orpa-

1= s Z; 1
HUYeHHbIe MHOXKeCTBa n3 R". ByjeM m3ydaTh BOIPOC MOCTPOEHNs ONTHMAJILHOTO
yIIpaBJieHusd B JaHHON 3a/71a4e.

Bamady (2) MoxkHO TpencTaBuTh Tak: supg({) — min, v € U(T). 3aeco
£eX (t1,u,x0)
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X(t, u,2%) ={¢eR": £ =x(t), z(-) € H(u,2")}, t € T.

Ucnonbsyst npejcTapienne BbITyK/IbX Kommaktos X (f,u,z%), t € T, c
[OMOIIIbIO  (byHJIAMeHTaIbHOM MaTpulibl pemienunit F(¢,7)  ypaBHeHust & =
A(t)x, F(r,7) = E u npumensisi TeopemMy o0 MuHuMaxce 1], moryamm:

tq
sup  ¢g(§) = max min [(F(tbto)x()’zi)—!—/C(F(tl,t)b(t,u(t)),zi)dt], (3)
e X (ty,u,x9) i=1,N zi€coZ; ;

riae coZ; — BhImyKjaas obosouka Z;, (Q,1) = sup(q,v) — onopuas (yHKIUs

qeq)
@ C R
Teopema /[asa onmumairvrocmu ynpasaeHus u*(t),t e T, docmamouro cy-

wecmeosanue nomepa 1°, 1 < 0¥ < N, ydosaemsoparou,ezo ycao6uo 'mf% W =
=1,

*
lui*;
tq

ui = min [(F(ty,to), 2) + / (F (b, b(t, (), 2)dt] (4)

zi€col;
to
U 25 € C0Zj» — MOUKYU 24000ADHO020 MUHUMYME PYHKUUL
t1
v
to

a marHce 68ulnNoJAHERUE d/Lﬂ nowmu ecex t € T YycaoeuAd
min C(F(t1,1)b(t,v), 2i:) = C(F (1, )b(t, u' (1)), 2;-) (6)
ve

Z’*
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OO0 oxHOIT cenuaJbHON 3ajave yIIpaBJIeHUS C
3aMna3IbIBaHIEeM

C.Ouuos!, IT1I.Paxxa60B>
U Camaprandcrkuti 2ocydapemeennviti ynusepcumen
2 Towwenmerudi 20cydapemeennvti Guskyabmyproiti yrueepcumen

B pabote paccmaTpuBaercs 3ajiada MIHUIMUA3AIMNT BpEMEHU ITPOXO0KIeHUsT 00-
JIACTU YTIPaBIAEMBbIM 00HLEKTOM, OMUCHIBAEMOM JIMHEIHO crcTeMOil ¢ 3ara3/ibiBa-
HUEM.

B zajauax onTUMAaJIbHOTO YIIPABJIEHUS, CBI3AHHBIX C SKOJIOTHEH, BO3SHUKAET
mpobJieMa, Korja TpeOdyeTcsi HAliTH TPpaeKTOPUI0 JUHAMUYECKOl CUCTeMbl, KOTO-
pas 3a MUHUMAaJIbHOE BPEeMsi HAXOJIUTCA B 3aparKeHHOI 00/1acTH, TPUIEM 9TO 00-
JIACTH MOXKET TepeMeIaThbcsd co BpeMeHeM. FKcn B 3ajade oNTUMAJILHOTO OBICT-
POJIeliCTBUsT OCTABUThH BCE YCJOBUSI TEMH K€, a B MHTErpajibHOM (DYyHKIINOHAJIE
HOJABIHTEIPAJILHYIO (DYHKIINIO 3aMEHUTH (DYyHKITHEi

l,ectm x € D
0 _ _ )
Pl wy =l w = (1

TO BpeMsl HaXOXKJIeHUsT TPaeKTOpun X (+) B 3aJJaHHOM, BOZMOYKHO JIBUKYTIETics 06-
JIACTU, BbIpazkKaeTcsd NHTerpaoM

[=T(x()) = /5(;1;@), u(t), ) dt, 2)

rie D — 3amannas 3apakenHas 001acTh. OcobeHHOCTh QyHKINOHAA (2), COCTOUT
B TOM, 9TO B HEM IOJIbIHTErpajbHast (DYHKIUS pa3pbIBHASI, UTO HEIIO3BOJISIET IPSsI-
MO€ HCIIOJIb30BAHNE KJIACCHIECKIX PE3Y/IbTATOB TEOPUH ONTUMAIBHBIX ITPOIECCOB
[1]. TTosToMy ee mccsieoBaHNe MPEJICTAB/ISET ONPEIEJeHHON TPYIHOCTH.

B nannoit pabore paccMaTpuBaeTcs Ciydaii, Korjaa 3aJaHHag 00J1acTh BbITYK-
qga u He 3aBucuT oT BpeMmenu [2]|. Ilpemmosaraercs, 9To 006/acTH HAYAIBHBIX U
KOHEUHBIX COCTOAHUII He TepecekaeTcs ¢ 3ajannoil obsactu. [Homydens neobxo-
JIIMBbIE YCJIOBHS ONTUMAJIBHOCTH B popMe MpuHIHIa MakcuMyma [TorTpsiruma.

[Iycrs pBurkenme oObekTa omuchiBaercs cucremoit &(t) = Ax(t) + Ajz(t —
h)+ Bu(t), tne x(t) — n-mepnas BekTop-dyukiws cocrosauus, A, Ay, B — marpu-
bl COOTBETCTBYIONNX pasdmepHocTeii, h > 0, u(t) — m-MepHast BeKTOP-DYHKINST
yIpaBJeHNs U3 3aJJaHHOTO KJlacca KyCOUHO-HEIPEPBIBHBIX BeKTOp-pyHKImit U
npu t € [0; 1]. Bagarorces Takzke MHOXKECTBO

My = {a: ER": pi(z) <0, pi(x)eCW, j=1, ., s},



Section. Optimal processes and Differential games 49

1 MHOI'O3HAYHOE OTOOpaKeHMHe.
M(t)={z eR": po(z, t) <0, te]0, 1]},
re @o(x, t) — Bbimyksast QYHKIWMsT 10 0OOMM TIepEMEHHbIM, a TaKyKe HadabHOe
yeaoBre x(t) = xo(t), t € [—h, 0], ynosraersopstonue yeaosuam My N M(1) =
@, x(0) ¢ M(0).
Tpebyercst BoiOparh ynpasienne u € U Tak, arobbt x(1) € My, a Bpewms, B
TedeHne KOTOPOro BBIOIHEHO BKJovYeHue x(t) € M (t), OblI0 MUHIMATHHBIM.
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O zapgade yberaHust B OQHOI ABYyMepPHOIt
anddepeHnuaIbHOI urpe

H.M.¥YwmpzakoB, b.KomuizkonoB
Andusrcancruti 2ocydapcmeernvill yHusepcumem
umrzaqov2010@mail.ru

Paccmorpum kBaszuimHelinyto j1nddepeHinajibHyo urpy yoeranust
2=Cz— f(u,v)+a (1)
rie z € R?, C : R?> = R? - juHeiiHOoe oTOOpaskeHNe, u-apaMeTp IPecieryio-
mero, v-napamerp yberatomiero, u € U, v € V, U un V nemnycrble KOMIIaKTHBIE
muozkectsa, f @ U x V — R? — nenpeprisnag bynkmusg, a € R? — 3ajanmbiii
BeKTOp. TepMuHaibHOe MHOXKecTBa, M — Hadao KOOPJAMHAT mIocKocTn R2.

B nacrosiiieit pabore, mpuMbIKaoIein K uccsaegobanusiv [1,2], mpogosrkeHo
M3ydeHne 3a/1a49u yKJIOHEHs OT BeTpedn (¢ Toukoii 0) jist IByMepHbIX urp. B nei
noJryueHo 6oJiee od1IIee JIOCTATOUHOE, TAPAHTUPYIOTCS BO3SMOXKHOCTD YKJIOHEHUS 13
BCEX HAYAJILHBIX TOUEK, OTJINIHBIX 0T (. B KoHIle paboThl pacCMOTPEHBI IPUMEPHI,
UJLTIOCTPUPYIONINE HAlll OCHOBHOI pe3yJ/ibTar.

[Ipu koHcTpympoBanun 3uadeHus v(t) napamerpa v € V B KaKJblil MOMEHT
Bpemenu ¢ > 0 ucno/ib3ytorest 3aadenust u(t) u z(t) mapamerpa u € U u dazoBoro
BEKTOpa 2z B TOT Ke MOMeHT BpeMent t. Hepes ¢ (t) = (¢1 (), ¢9 (t)) obo3HATIM
TPAEKTOPUIO CUCTEMBbI

z=Cz+a (2)

npoxostiyto ipu t = 0 gepes Touxy 0: ¢ (0) = (¢1 (0), @2 (0))
[TycTn

= {(61(t), ¢2(t)) : —o0 <t <0} (3)
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Ecim a =0, r.e. a? + a3 =0, To IT = {0}.

[Ipennonoxum a; # 0. Torga B cuy (2) qfﬁl = a1 # 0. 3HaunT, ypaBHEHNE 2| =
¢1 (t) omHO3HAUHO paspernMo oTHocuTesbHO t @ t = f(z1), |21 <9, § > 0,
npuaeM f(z1)anannrudeckast pyukims. lasee, uveeM zo = ¢ (1) = ¢o (f (21)) =

g (z1). fAcHo, aro ypaBHeHUE

29=9g(z1), —6<2 <0 (4)
OIMCLIBACT 9acTh JuHUKM 11, mpuMmbiKaiomnyo K Touke 0. O4eBuHO, CyHIeCTByeT
ancjio t; < 0 rakoe, uto z1 (t1) = —9.

Teopema. Ecau evnosrenst Ycro8us.:

a)0e () f(u,V);

uelU
b) das a0boz20 Oy, t1 < §y < 0 cywecmeyem maxoe T, oy < T <0, umo
N = min max g/ (Zl (T>) fl (ua U) - f? (u7 ’U) > 07 (5)
uelU veV

mo 6 uepe (1) 603mooicno ybezarue.
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O noKaJbHO-MHEPIIMOHHBIX YIPABJIEHUAX B JIMHEHBIX
anddepeHImadbHbIX UTPax yoeraHus

JI.IL.FOraii
Aamarvixexuti purvan HUTY MUCuC, Y3bexucman

PaccmarpuBaercs ynneiinas nauddepennnaibhas urpa yoeranus [1]
i=Cz—u+v+a, (1)

rie z € R", C' — (n X n)-marpuna, u € P, v € Q, P u () — Herycrble KOMIIAKTHI
n3 R", repmubaibHoe MHOXKecTBO M — ymHeltHOe mognpocTpancTBo R, a € R"
— 3aJIaHHbIi BEKTOD. YIPaBJEHUSAME UTPOKOB(IIpec/ieloBaTesist U yOerariero)
SBJIAIOTCA n3MepuMble byaknnmn u = u (t) € P u v = v(t) € () COOTBETCTBEHHO.

H.Carumos B pabore [2| BBeJI jiBa HOBBIX KJIacCa YIIPABJIEHUH TIPEC/IeTYIOIIEro
urpoka D u D(r, A), KoTopble ObLIN HA3BAHBI KJIACCAMI HHEPIHOHHOCTU YIIPAB-
JICHIIT, & caMi YIIPaBJIeHNs] — MHEPIIMOHHBIMIU:

D — MHOY(KeCTBO PaBHOCTEIIEHHO HelpepbIBHbIX (DyHKIW u = u () € P, t €
0, +00).

D(r, A) — muO)ecTBO DyHKIWMI © = u (t) € P, Onpejie/ieHHbIX 1 H3MEePUMbIX
Ha [0, +00) Takux, 9To, /51 JIE0OOH (PYHKIINK U3 9TON0 MHOYKECTBA BBITIOJIHACTCS
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yCJIOBHE:
|u (tl) —U (t2)| <r nupum Bcex ti,ty € [0, +OO) , |t1 — tz‘ < A,
rae r u A\ — KOHCTAHTHI.

B [2] H.CarumoBbiM 6bUTH JTOKA3aHBI TEOPEMbI 00 yOeraHum st JTHHEHHBIX
muddepernnaababix urp (1), Korjga mpeciegoBaTe/b MPUMEHsIT HHEPIHOHHBIE
yipasienns u3 kjiaccos D win D(r, A). B 9T10M ciiyuae 9acTHYHO pasperiaiach
m3BecTHasi B Teopun yoeranusi p-mnpoodsema JI.C.Ilontpsiruna [1].

Hecko/ibKO patee, B TeX »Ke ILEJsIX, UJesl CY’KEeHUsl KJIacca YIpaBJeHuii s
npecsegoBarensa Obuta peasmsoBana M.C.Hukombekum B [3] mpu nccsepoBannm
0bob1ennoro KouTposibHoro npumepa JI.C.ITorTpsruna.

B 1esisix paBHONPUMEHSIEMOCTH YIIPABJIEHIT HUIPOKAMUI HAMHU IIPEJI0ZKEHbI
CJIEJTYIONIIE KJIACChl YIIPABIEHU MTpec/IeyIoero n yoerailnero nrpokoB:

Lp(tg, A) — kyacc usMepuMbIX yrpasjeHnuii npecienosarens u = (t) € P,
t > tp, TaKUX, ITO Ha KayKJIOM OTpe3Ke [to, Ly + A] BBIIOJHAOTCSA yCIOBHUS:

A) u(tl) =u; € P;

B) |u(t) —u(t;)| < Alt—=t|"t € [ti,tis1), tie i = 1,2,...,p,p € N,
tieT ={ty<ti<...<t,=ty+ A}, T — nponssosbHoe pasbueHne OTpe3-
Ka [to, to + A],v > 0,a >0, A > 0 — KOHCTAHTHI.

Amnastornano BBojnTCs Kiace yupasienuii Lg(ty, A) yberaioiiero nrpoxa.

D.(P) (D.(Q)) — xmacc (MHOXKeCTBO) KyCOTHO-IIOCTOSHHBIX (DYHKIIHI CO 3HA-
gerusiMn u3 P((Q)), n Takux, 9T0 Kaykjias QYHKINA UMEeT Ha [IPOU3BOJBHOM OT-
peske [to, to + AJ, tp > 0, A > 0, KOHEUHOE YKCJIO TOUEK PAa3pbiBa MEPBOTO POJIA,
B KOTOPBIX HEIIPEpPbIBHA CIIpaBa.

Knaccor D.(P), D.(Q), Lp(tg,A) nu Lg(to, A) Oyaem naseiarh, caeays |2,
KJIACCAMHU JIOKAJIbHO-UHEPINOHHBIX YIIPABJICHHIL.

JLs1 IoKaIbHO-HHEPIUOHHBIX yipasyieruii urpokos D.(P) u D.(Q)) Tteopema
0 BO3MOZKHOCTH yOeramust jokasana B [4].

Ec obonm urpokam (mpec/ieioBaTeiio i yoeraroneMy ) peiicaTh NCio b
30BaTh JIOKAJILHO-HHEPIHOHHbIE yIpaBienus u3 KiaaccoB Lp(to, A) nu Lo(to, A)
COOTBETCTBEHHO, TO JIIsI JIJIsl JInHeitHOo# JinddepeHnaibHOil UIPhI (1) clpaBe/I-
JIUBa TeopeMa 00 yberanmi.

JIuteparypa
[1] Hourpsrun JI.C., Mummenko E.®. Banaua yberanusi 0HOTO yIIPaBIsieMOro 00beKkTa oT JApy-
roro. JTIAH CCCP, 1969, T. 189, Ne4, C. 721-723.

[2] Carumos H. K reopun muddepennuanbubix urp yoeranusi. Marem. cbopuuk, 1977, T.
103(145), Ne3, C. 430-444.

[3] Hukonbekuit M.C. O6 0fHOM KPUTHYECKOM CJlydae B 3ajiade YKJIOHEHUs OoT BeTpedn. KH.
[Ipobjiembl anajmT. MeX., Teop. ycroitd. u yupasienus. M.: Hayka, 1975, C. 230-234.

[4] Yugay L.P. Linear differential evasion game without superiority. J. Annals of Differential
Equation (China), 1992, No 2, pp. 158-163.



Qualitative Theory of Dynamical Systems
KadecTBennas Teopust JTuHAMNYECKIIX CHCTEM
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Let 78 = (V, L) be a Cayley tree of order k, i.e, an infinite tree such that
exactly k 4 1 edges are incident to each vertex. Here V' is the set vertices and L
is the set of edges of 7*.

Let Gy denote the free product of k + 1 cyclic groups {e, a;} of order 2 with
generators ay, as, . . ., api1, i.e., let a? = e (see [3]).

There exists a one-to-one correspondence between the set V' of vertices of the
Cayley tree of order k and the group Gy (see [1], [2]).

Assume that spin takes its values in the set ® = {0, 1,2}. By a configuration
o on V we mean a function taking o : x € V. — o(z) € ®. The set of all
configurations coincides with the set Q = ®V.

Consider the quotient group G/G; = {Hi, ..., H,}, where G} is a normal
subgroup of index r with » > 1.

Definition. A configuration o(x) is said to be G — periodic, if o(x) = o; for
all x € Gy with x € H;. A Gy — periodic configuration is said to be translation
movariant.

Let M be the set of all unit balls with vertices in V. By the restricted
configuration o, we mean the restriction of a configuration o to a ball b € M. Let
¢y denote the center of a unit ball b.

SOS model with G,(f) — periodic external field is defined according to the
following Hamiltonian:

H(o)=—J Y lo(z)—a(y)+ > ao(z), (1)
(x,y)eL zeV
where J, a, € R and

{ o, if x € G’,(f)
o =

, where oy # ap and G = {z € Gy : |z|is even} .
ag, if x € G\G,(f) :

02



53 Section. Qualitative theory of dynamical systems

The energy of a conﬁguration op on b is defined by the formula:

Ulay :——J Y. lol@) —a(e)| +aqo(e). (2)

x:(z,cp)EL

Definition. A configuration ¢ is called a ground state of the Hamiltonian (1),
if U(pp) = min {Ui(0s), Uz(0p), Us(0p), ..., Uxg(op)} for allb e M.
For a fixed m =1, 2, 3, ..., 29, we set

Ay = {(J> aq, 042) € R3 : U, = min {U1(0b), UQ(O’()), U3(O‘b), e U29(0b)}}.
It is studied the case k = 2.
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On the Problem of Construction of a Poincaré Map for
Multi-Dimensional Dynamical Systems

0.S.Akhmedov!, A.X.Abdullayev?
L Uzbekistan Academy of Science, Institute of Mathematics
2 Andijan State University
odiljon.armedov@gmail.com

Consider a Cauchy problem

2= f(z),2(0) = 2, (1)
where z € R?. Let by one-step numerical method
Zna1 = Zn + F (20, h) (2)

a priori it is found that system (1) has a supposedly closed trajectory passing
through a neighborhood of the point zy, 2z, ~ z(nh) is the approximate value of
the solution z(t) of system (1) at time ¢t = nh, h — step of integrating.

In real calculations, due to rounding of the results of arithmetic operations on
a computer, instead of the sequence z, one obtains another sequence of vectors
Cn-

These sequences satisfy a scheme similar to scheme (2) with another rounded
function F , that is,

i1 = o+ F(Go, )
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An approach is widely spread in the literature that, based on the behavior of
the sequence z, and even (,, it is concluded that there exists a closed trajectory.
Of course, without proper justification, such kind of conclusions may not be true.

Let a hyperplane passes through the point zj that is transverse (or conveniently
perpendicular) to the vector f(zp). In this hyperplane, we introduce the coordinate
system and take the specific set D as the domain of the Poincaré map P : D — R%.
If it turns out

P(D)c D (3)
then from the Brouwer’s theorem [2] it follows that the Poincaré map has a fixed
point ie dz* € D, P(z*) = z*. This is in the language of dynamical systems,
means the existence of a closed trajectory of system (1). For d = 2 in many cases,
the relation (3) can be established relatively simply than the case of d > 3.

In the talk, according to the differences z(t) — z(nh), z(nh) — z, and z, — (,,
the algorithm for constructing the Poincaré map will be demonstrated for the
three and four-dimensional brusselator models using the DN-tracking method [3].
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On Absolutely Continuous Solutions of Pfaff Equations
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One of the classical types of differential equations is
w:ao(X)dX0+a1(X)dX1+—|—an(X)an:0, (1)
called a Pfaff equation (where X = (Xo, X1,...,X,) € D, D C R"H) :
Equation (1) defines a field of hyperplanes that is not always integrable, i.e.
there may not exist a hypersurface tangent in each its point to the hyperplane
of the field (1) [1]. If coefficients a; (X), ¢ = 0,1,2,...,n are continuously
differentiable in D then necessary and sufficient condition of integrability of (1)
will be given by Frobenius criterion [1]-[4]:
wAdw = 0. (2)
Under the condition (2) there is a single integral surface passing through each
point X°, XY € D, if the last not singular i.e. a; (XO) # 0 at least for one
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1 = 0,1,2,...,n. We emphasize that the Frobenius’s criterion is a condition of
integrability in a whole, i.e. concerns all points of the domain D.

For definiteness assume ag (X) # 0 in some neighbourhood of a point X°,
that will be denote by D again. Then the equation (1) becomes equivalent to the
system

U
= Jiw 3
where u = Xo, x = (v1,22,...,2,), ¥; = X;, fi(r,u) = —a; (X) /ap(X),
f: (fl,fg,...,fn),j20,1,2,...,n, XO: (5[30,U0).

[t is obvious that the formulation of Frobenius integrability condition in the
form (2) is meaningless without an assumption of differentiability of functions
fi» j = 1,2,...,n. Therefore, first of all we should reformulate the criterion of
integrability in the convenient form.

Consider a Cauchy problem for the system (3). Suppose f; are defined in the
domain D, D C R"*! and (x(l), 2y, ..., ad, uo) € D. Our aim is to find a solution
u (z) from the class C', satisfying the system (3) and the condition u|, o = uj.

Theorem. Let f; are continuous functions in the domain D. Then the
following propositions are equivalent:

a) the Cauchy problem for the system (3) is solvable for any (z9,u°) € D;
b) for any (x?, uo) € D integral equations

wllely) = w((elu) + [ filloly ol s 0

Lk
have coinciding solutions, where [x], = (331, Loy .oy Ty Ty ,x%) :
s _ (.0 .0 0 _ _
[z], = (xl,xg,...,xk_l,s,:zjkﬂ,...,a:n), 2], =, k,s=1,2,...,n.

Corollary. If the functions f; are continuously differentiable, then the
Frobenius’s condition is equivalent with the statement a) and b) of Theorem.
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On the Dynamical System of an Evolution Operator

Z.S.Boxonov
Namangan State University
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Consider the following set

S = {(xay) ER™|z; > 0,y; >0, a;#0,) ; #0, Z($z+yz)1}

We call the partition into types hereditary if for each possible state z € S
describing the current generation, the state z’ € S is uniquely defined describing
the next generation. This means that the association z — 2’ defines a map W :
S — S called the evolution operator[1].

For any point 2@ € S the sequence 2 € W (2"V) ¢t = 1,2,... is called
the trajectory of z(¥).
If 2/ = (2q,....2,y4,...,y,) is a state of the system gens in the next

generation then by the rule [2] we get the evolution operator W : § — S defined
by

:C/k — a’ZZ%l Ezzlneipkxiyp
W - >ic1 fgz Zpﬁl Yp (1)
r (1-a)> iy Zp:l OipkTiYp
Y= D i1 T 22:1 Yp

where k =1,...,n.
Our goal is to study dynamical systems generated by operator (1).

For a € (0,1) we denote

n n
S, = {z:(xl,...,scn,yl,...,yn) es : in:a, Zyjzla}.
i=1 j=1

The restriction on S, of the operator W, denoted simply by W,, has the form

= (1- a)_lz > Oipkiyp,
Wa : S 1=1p=1 (2)
Y= a3 D Oiphiyp
1=1p=1
where k =1,...,n.
Denote 8 = =2, A point z € S, is called a fixed point of W, if W,(2) = 2.

a



57 Section. Qualitative theory of dynamical systems

We consider the special case of the operator W,,:

oy =alzizy, k=1,....nk#1I
U: oy=at | mzy+ Y)Y wiw, (3)
i=1 p#

Theorem 1. 1) If j = [ then the operator (3) has unique fixed point x =
0,...,0,a,0,...,0);
2) If 7 # 1 then (4) has fixed points

xl’l: 0,...,0,@,0,...0 s ,Ig,j: O,...,O,CL,O,...O
n— J n—J

Theorem 2. Let z(0) = (xgo), - ,x%o)) be an initial point.

m—00

1) If j =1 then lim U™ () = lim 2™ = [0,...,0,a,0,...0
s — Y—

J

n—=j

e (0)
2) If j # 1 then lim U™ (z©) = lim 20" = {xu, if o #a
m—0oQ a

m—00 T2, vf xg =
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Circle Dynamics and Symbolic Dynamics

A.Dzhalilov!, A.Jalilov?
YPurin Polytechnic university in Tashkent
2 Department of Mathematics, Ajou University, Suwon, South Korea
adzhalilov21@Qgmail.com

Many problems of ergodic theory, statistical mechanics, information theory,
biology and medicine reduced to investigate infinite sequences spaces (see for
instance [1], [2]).

In present paper we study infinite binary sequences associated by irrational
rotation on the circle. The simplest of such kind sequences is called Sturmian
sequences and at this time very well studied (see for instance [3]).

Let fy(x) = 2+ 60 modl z € S* = R'/Z' = [0,1) be a linear rotation with
irrational 6 € [0,1). Fix a number b € [0,1). Consider the partition Fy(6,b) :=
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{[0,0),[b, 1)} of the circle. Define the coding function vgy, : ST — {0,1} :

1, if x € 0,0),
V() = {o, if 2 € %b, 13. (1)

Consecutively,

i) = { e S b )

Take any z € S. The corresponding infinite sequence w := w(x) of zeros and
ones we define as

w = (Wow1...wn...) := (p(x) p(fo(x))..u(fy(x))...)
Denote the collection of such admissible infinite words €2,,(6, b) i.e.
,(0,b) = {w(z), v € S}
The complexity function of infinite word w assigns to each positive integer n
the number p,(n) of distinct subwords of length n of w. An infinite word w is
Sturmian if for all n > 1, py(n) = n + 1. In the case, b = 1 — 6§ the word w(x)
is Sturmian for any z € S! and moreover admits many interesting properties
(see [1], [4]). The present paper in some sense continues and completes the above
works.
We study the complexity functions for all b € [0, 1).
Denote r(n) the number of right special factors of length n and
ko = miny>1(n,r(n) = 2).
Theorem. Let fy be the linear rotation to the irrational angle 8 and the points
0 and b lies not on the same orbit. Suppose n > ky.
Then the followings are hold
1. If 0 < 0 < b, then p(n) = 2n for alln > 1

2. If0<b< 0, then
I n+1lafn<k,
s = o PRIl ®
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Cryptography is defined as the science or study of the techniques of secret
writing. It is the art or science encompassing the principles and methods of
transforming an intelligible message (plain text) into one that is unintelligible
(cipher text) and then transforming that message back to its original form [1].
Cryptography is considered to be a branch of both mathematics and computer
science. They are affiliated closely with information theory, computer security,
and engineering.

Hill Ciphers are an application of linear algebra to cryptology (the science
of making and breaking codes and ciphers). It was introduced by Lester S. Hill
[8]. The core of Hill cipher is matrix manipulations. For encryption, algorithm
takes m successive plain text letters and instead of that substitutes m cipher
letters. In the Hill cipher, each character is assigned to a numerical value like
a =0,b=1,...,z = 25. The substitution of cipher text letters in the place
of plain text letters leads to m linear equation and simply can be written as
C = KP mod 26, where C' and P are column vectors of length m, representing
the plain text and cipher text, respectively, and K is an m X m matrix, which is the
encryption key. The inverse of a matrix K is needed in the process of decryption.
It satisfies condition KK ! = K~'K = I mod 26, where I is an identity matrix.
The encryption process is C' = Ey(P) = K,. Whereas, the decryption is P =
Dy(C)=K'C=K'K,=P.

Many researchers developed different methods to improve the quality of Hill
Cipher. Some applications of Number Theory to Cryptography was investigated
by [2]. Based on the modulo arithmetic concept, she developed a number of
encryption methods by employing the Cipher Digraphic [9], RSA [10] and LUC
[11] systems. The system called Cipher Digraphic Polyfunction in the form of

C’gizj = AL, Poyj mod N with (|Aaxal, N) =1 and |Aaxa| # 0 and Ab,, # I for
tel,2,3,...is developed and its weaknesses are investigated.
The encryption from monofunction transformation is extended to Cipher

Digraphic Polyfunction transformation modulo N with different encryption keys
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used in every transformation [3]. An encryption of Cipher Digraphic Polyfunction
is defined as 02(2 HZ 10A2><2 Py, j mod N, \A2x2| # 0 and (\A2X2| N) =1
for every t = 1, 2 3,..., then P5,; has a unique solution and the decryption
algorithm is defined as ngj = ([I' : AQtXQU) 1050 mod N. They also stated

condition ]\ 10A2><2 % I mod N to be held, so that the cipher text would not
be the same as plain text.

According to [5], the decryption process requires using an inverse of matrix but
the matrix’s inverse does not always exist. If the matrix is not invertible, then the
encrypted text cannot be decrypted. They noticed the problem of non-invertible
matrix key in Hill Cipher and proposed methods of generating self-invertible
matrices based on modular arithmetic. This is to make sure that the encrypted
text can be decrypted. They are focusing on generating self-invertible matrix
3 x 3 and n x n for n is even. This technique can eliminate the computational
complexity involved in finding inverse of the matrix during decryption process.
They proposed a method of generating of self-invertible n x n matrix where n is
even.

The effect of self-invertible matrix on Cipher Tetragraphic Trifunction were
presented by [7]. The authors gave some solutions for L3, ., = Asyxs mod N. As
a result, they choose the Loys so that A is not in the form of A = 0 mod N,
A =1 mod N, lower and upper triangular matrix A. Furthermore, the use of a

I fgzsz I__Ll;if mod N should be avoided in order to
(t)

enhance the security of Cipher Tetragraphic Trifunction transformations, C,,, =
LY, ,Pixymod N where t € 1,2, 3.

Several definitions and theorem (refer to [1, 2, 3, 5]) that should be understood
in this paper are as follows:

secret key Lyyy =

Definition. Let N be any positive integer. Let us say that the encryption key
for every transformation t be an i X i matrix AZXZ mod N. Encryption algorithm

of plain text Py for the first transformation will produce a cipher text C’W
through cl = Al )PZXJ mod N which is called Cipher Polygraphic Monofunctwn

iXj — “hixi

Transformation. Next, the cipher text C was translated into a cipher text sz i

at the second transformation through sz; = AP W mod N which is called

zxz iXJ

Cipher Polygraphic Difunction Transformation. After that, the cipher text sz i
was translated into a cipher text C (S)j at the third transformation through sz f

A mod N which is called Cipher Polygraphic Trifunction Transformation.

X1 T 1X]

Further, the equation of Cipher Polygraphic Polyfunction Tmnsfarmatzon 5
eV = AD D pod N, The transformation can be simplified as sz; =

1XJ X1 T iX]
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AL Pix; mod N if all the secret keys Al(.t)‘ are similar.

1X1 X1

In this research, we used ¢ = 6 so that it is called Cipher Hexagraphic

Polyfunction. Whereas, all the secret keys Aét>)<6 are similar so that the

transformation can be simplified as C’ég j = AL, ¢Psx; mod N. Cipher Hexagraphic
Polyfunction Transformation is constructed based on the following theorem.
Theorem. Let Cipher Hexagraphic Polyfunction Transformation be defined
as Definition 2.6. Say that the determinant for Agxe 1s not a zero and
(|Asxs|, N) = 1, so Fsxj have unique solutions and the decryption algorithms

are as follows:Céi_jl) = AgiGCéiijod N, Céi_f) = AgiGCéi_jl)mod N, ..., C’éi)j =

ALC) mod N, Cfl), = AgliCsY mod N, Payj = AglsCotl:mod N where Agl
is the inverse matrix for Agxe which acts as the decryption key.

Definition. A is called a self-invertible matriz if A= A~ mod N. If A and
A1 are n x n matrices of integers and if AA™' = ATVA =1 mod N, where I is
an identity matriz of order n, then A~' is said to be an inverse of A modulo N.

apnr a2 a13
We assume the encryption key Asyx3 = |as1 ass ass| mod N and L3y3 =
azy az2 ass
a b c
d e f| mod N with a,b,c,d,e, f,g,h,i and a;; for ¢,7 = 1,2,3 are integers
g h 1
such that L§X3 = Aszx3 mod N. To get L33, we need to solve simultaneous
equations as shown below.
a’+bd +cqg = a1 mod N, ab+be + ch = aja mod N, ac+bf +ci = a3 mod N,
da+ed+ fg = asy mod N, db+e?>+ fh = asy mod N, dc+ef + fi = azz mod N,
ga+hd+ig = az; mod N, gb+he+hi = a3y mod N and ge+hf+i? = as3 mod N.
Now, we get some solutions for a Diagonal Matrix L3, 3 = Asx3 mod N as follows.

a b c
Proposition. Let L3w3 = |d e f| mod N and b,c,d, f, g, h be relatively
g h 1
prime with N. The solution to a diagonal matriz L35 mod N is L3x3 =
a b c
d e f| mod N, where a = 271 (=bfc™t + dcf™' — fgd™), e =
g bcldtfg i
27 ofct —def™ — fgd™b) and i = 27 (=bfct —defTH + fgd7Y).

Also, obtaining the solutions for L%, = Aszx3 mod N where Asxs is a
symmetric matrix as follows.
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a b c
Proposition. Let Ly3 = |d e f| mod N and (2, N) = (b—d,N) = (¢ —

g h 1
g,N)=(f—h,N) =1. Then L33 witha = 27 ((fg—ch)(b—d) ' —(gb—dc)(f —
h) "'+ (hd=bf)(c—g)™"), e = 27 ((gb—dc)(f —h) 7 = (hd—bf)(c—g) " +(fg—
ch)(b—d)™") andi = 271 ((hd=bf)(c—g) ™' = (fg—ch)(b—d)~"+(gb—dc)(f—=h) ™)

are solutions to a symmetric matriz L3, 5 mod N.

From Proposition 2.6, we obtained some corollaries.
Now, we apply the method of generating of self-invertible n x n matrices that
was mentioned in [5]. We choose n = 6 and Proposition 2.6. Consider L33 and
a b c
Ly as two secret keys. Let Lyys = |d —a — fgd™! f mod N with
g bcldlfg —a—bfc!
a=2"Y~fgd ' +deft —bfcl), where b, c,d, f, g, h are relatively prime with
N. This is the solution to a diagonal matrix L3, 5 mod N using Proposition 2.6.
Now, let
AH = Lgxg and
—a —b —c
Ap=—-A=—Lyys= |—d a+ fgd! —f mod N.
—qg —bc'd'fg a+bfc?
We choose k = 1, therefore
1—a —b —c
A12 = /{Z(I — AH) = —d 14+a+ fgd_l —f mod N.
—g —bc'd'fg 1+a+bfc!
and
Agl =1 + All = ]{3_1(] + L3><3> =

1+a b c
= d 1—a— fgd! f mod N.
g beldlfg 1—a—bfc!
Since Lgyg = [ﬁi ﬁ;;] mod N.

Suppose k = 1, using similar procedure as mentioned above, we can get
another eight type of self-invertible matrices produced by L33 from Proposition
2.6 and its Corrolaries. Followed by finding the Effect of Self-invertible Key on
Cipher Hexagraphic Polyfunction.
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On Dynamics of p-adic Potts-Bethe Function

O.N.Khakimov
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Models of interacting systems have been intensively studied in the last years
and new methodologies have been developed in the attempt to understanding
their intriguing features. One of the most promising directions is the combination
of statistical mechanics tools and methods adopted in dynamical systems. One of
such tools is the renormalization group (RG) which has had a profound impact
on modern statistical physics.In this work, we are interested in the following
question: how is the existence of the phase transition related to chaotic behavior
of the associated p-adic dynamical systems(this is one of the important question
in physics [1])? It is known that for this model there exists a phase transition if ¢
is divisible by p. We will show that, in the phase transition regime, the associated
p-adic dynamical system is chaotic, i.e. it is conjugate to the full shift.

We consider the p-adic Potts-Bethe function which for any periodic point of
that defines exactly one Gibbs measure on a Cayley tree of order k:

_f Or+q—1 g
fo(w) = <x+9+q—2)
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where |6 — 1|, < 1 and ¢ > 3 natural number. It is easy to check that if & = 2
then fy has three fixed points: xo = 1 and

“2(q 1) (01 £ (0 1)y/—4(g— 1)+ (0 - 1)
5 .
Theorem 1. Let k = 2. Then for the fized points xo, x1, xo of fy the following
statements hold:
(1) xq is an attracting fived point;
(11) x1 andxy are repelling fized points.

T12 =

Now, we are going to describe basin of attraction A(zg) of the fixed point
ro = 1. Let us denote

K ={xeQ: |z—xolp <lgl}-

Theorem 2. Let k = 2 andp > 3. If 0 < |0 — 1|, < |q|p then A(xy) =
UnZO f_n(K)

Theorem 3. Let k=2, 10 — 1|, < p > ', r = |p"(0 — 1)|, for some n > 0.
If X = B(x1,7) U B(x,r) then the dynamics (Jy,, fo, | - |p) is isometrically
conjugate to the full shift dynamics of two symbols. Here Jg, = (7,5, fe(_n)(X).
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We will consider a semi-infinite Cayley tree Fi of second order, i.e.an infinite
graph without cycles with 3 edges issuing from each vertex except for z° which
has only 2 edges.

Let denote the Cayley tree as I'2 = (V, L), where V is the set of vertices and
L is the set of edges. Two vertices x and y, x,y € V are called nearest-neighbors
if there exists an edge [ € A connecting them, which is denoted by | = (x,y). The
distance d(z,y),z,y € V, on the Cayley tree Fi, is the number of edges in the
shortest path from z to y. For a fixed 2° € V we set

W, ={z € V|d(z,2°) =n}, V, ={z e V|d(x,2°) <n}
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and L,, denotes the set of edges in V,,. The fixed vertex 2V is called the 0-th level
and the vertices in W,, are called the n-th level. For the sake of simplicity we put
|z| = d(z,2°), x € V. Two vertices x,y € V are called the next-nearest-neighbors
if d(x,y) = 2. The next-nearest-neighbor vertices x and y are called prolonged

—_—~——

next-nearest-neighbors if |x| # |y| and is denoted by )x,y(. Three vertices z, y
and z are called a triple of neighbors, and they denoted by (z,y, z) if (z,y) and
(y, x) are nearest-neighbors. The triple of vertices z,y,z € V is called two level
and denoted (x,y, 2) if y € W, and z, z € W, for some n.

For the 3-state Potts model with spin values in ® = {1,2,3}, the relevant
Hamiltonian with competing nearest-neighbor, prolonged next-nearest-neighbor
interactions and two-level triple-neighbor triple-neighbor interactions has the form

H(o)=—J1 > Sowoly) — o D Sotwol) =t D So@ototz: (1)
( = v

xy)EL z T,y,2
where Ji,J,, J; € R are coupling constants with J; > 0,J, < 0 and (z,y)
stands for nearest-neighbors vertices and )z, y( stands for next-nearest-neighbor
interaction restricted to the sites belonging to the same branch and (z,y, z) two-
level triple-neighbor interactions.

In this paper we consider dq(;)q( as follows

y)o(z)
5 1 ifo(z) =0(y) =0(z)
o@eo)o(z) = 0 otherwise
The case J; = 0 was considered in [1]. Follow the papers [2| to produce the
recurrent equations, we consider the relation of the partition function on V,, to
the partition function on subsets of V,,_;. Let Z(" (41, 70, i2) be a partition function
on V,, where the spin in the root 2V is iy and the two spins in the proceeding z! and

x? are i1 and 4o, respectively. As shown in [2] one can select only five independent

variables Z(™(1,1,1), Z™(2,1,2), Zz™(1,2,1), 2" (2,2,2), Z(3,2,3) and
with the introduction of new variables

WV = /Z(2,2,2), il = \/Z1(3,2,3),

and the total partition function is given in terms of (u;) by
7 = (" + 2u3”)” + 2(us” + " + ) (2)
where [ is the inverse temperature and a = exp(8J1),b = exp(fJ,) and ¢ =
exp(fJ:/2). We note that, in the paramagnetic phase (high symmetry phase),
u1 = uy and us = ug = uy. For discussing the phase diagram, the following choice
of reduced variables is convenient:
2u9 + ug + us U — Uy Uy — U3 Uy — Us
= y Y1 = y Y2 = y Y3 = . (3>
U + Ug U + Uy Uy + Uy U + Ug
Theorem. If there exist such a > 0,b > 0,¢ > 0 that the basic equation (3)
has more than one positive invariant points than takes place phase transition for
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the model (1).

References

[1] N. Ganikhodjaev and A. Rahmatullaev, Journal of Physics: Conference Series 435 012035
(2013)

[2] N.N. Ganikhodjaev, F.M. Mukhamedov and C.H. Pah, Phys. Lett. A 373, 33 (2008)

The Polynomial Dynamical System with the Limit Set,
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Consider a dynamical system

z= f (Z> ) (1)
z € R d > 2. It is known, if the w-limit set Q of dynamical system (1) is bounded,
then it is non-empty connected compact set [1]-[3]. €2 can be a point or a closed
trajectory in simple cases but in the general case {2 may have rather complicated
structure especially for d > 3. The structure of {2 was studied rigorously when
d = 2 [4]-[6]. In this work, the polynomial system with the w-limit set, consisting
of N connectivity components is constructed for a given natural number N > 3.
The same task was considered in |7] and the polynomial system of the degree
10N — 1 was constructed. Here another polynomial system will be suggested that
has N connectivity components but its degree is 2N + 2 if N is odd, 2N + 3 if
N is even.

For that take the analytical function

( m

1—vy Hl (% — z?)

I yg)m+1 if Visodd,

F(z,y) =« m
1 —yz [T (% — 2?)
i=1 -
R y2)m+2 if N iseven,

\

- : N-1
where m is the integer part of =.

It is easy to check that for the function F'(x, y) the level line F'(x, y) = 0
consists of N connectivity components.
Now we consider the dynamical system

&= F,(z,y) = AF (z,y) Fi: (z,y), )
y: _Fx(xvy)_)‘F(xay)Fy(xvy>u
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where A is a positive number.

Theorem. The level line F (z,y) = 0 serves as the w-limit set of the
trajectory (x (t), y (t)) of the polynomial system (2), passing through a point
(xo, o), chosen from the region F (x, yo) > 0.

Corollary. The system (2) has the w-limit set with NV connectivity components.
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Let @ be the field of rational numbers. The greatest common divisor of the
positive integers n and m is denotes by (n,m). Every rational number = # 0
can be represented in the form @ = p" >, where r,n € Z, m is a positive integer,
(p,n) =1, (p,m) =1 and p is a fixed prime number.

The p-adic norm of x is given by

p~", forx F#D0,
|z, = -
0, for x = 0.
The completion of () with respect to p-adic norm defines the p-adic field which is
denoted by @, (see [1]).

The algebraic completion of ), is denoted by C), and it is called complex p-adic
numbers. For any a € C), and r > 0 denote

Ula)={zeC,:lx—alp<r}, Vi(a)={reCy:|r—al, <1},
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Sr(a) ={x € Cy:|x—al,=r}

Now let f: U — U be a function. Denote f"(z) = fo--- :
ow let f e a function. Denote f"(z) = fo---o f(x)

If f(xg) = xo then z is called a fized point. The set of all fixed points of

f is denoted by Fix(f). A fixed point xq is called an attractor if there exists a

neighborhood U (zg) of xy such that for all points x € U(xg) it holds lim f™(z) =
n—00

xo. If zg is an attractor then its basin of attractionis A(zg) = {x € C,: f"(z) —
xg, n — oo}. A fixed point xq is called repeller if there exists a neighborhood
U(xg) of xy such that |f(x) — x|y, > |z — 20, for z € U(zy), x # xo.

We consider the dynamical system associated with the (3, 2)-rational function
f:Cp — C, defined by

P 2
f(x) = ax <xi ) , ala—1)(b—rc)(ab® —c*) #0, a,b,cc C,. (1)
x+c
where z # & = —c.
Note that, function (1) has three fixed points zp = 0, x1 = —b\/@__f and
__ bJatc
T9 = — Jarl"
For € Sy, (0), we denote
[+ 0];
b () = lal. bl - = 7lp
(%) ‘a|p‘ |p ‘£C+C|229

It is studied a p-adic dynamical system generated by f.
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At the present time, Theory Dynamical Systems are one of the fastest growing
branches of Mathematics, and interest to this field is being grown not only by
Mathematicians, but also physicists, biologists, mechanics, and other specialists
in the field of science and technology. A qualitative analysis of linear dynamical
systems have been completely investigated, but for nonlinear dynamic systems,
even for quadratic systems the problem remains difficult in spite of existence of
powerful methods.



69 Section. Qualitative theory of dynamical systems

Consider the simplest dynamical system with a quadratic term
t=ar+y+at, y=brty (1)

In this article, the behavior of the system (1) at infinity is studied.

For this purpose we will use the method, proposed in [1]|. It transforms the

system (1) to three-dimensional dynamical system given on Poincaré sphere [2] in
the form

X=Y+2)PP-XQ",Y=(X+2)Q"—XP*, Z=—-XP" -YQ*
where P* =aXZ +YZ + X% Q" =bXZ+YZ.

It is well known that the trajectory of the system (1) in a neighborhood of the
equator of the Poincaré sphere shows its behavior at infinity. For the system (1)
it is valid the

Theorem. For any real a, b, the system has non-hyperbolic saddle-node
equilibrium points (0, £1, 0) at infinity.
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JInnamMmdeckasi cucTeMa, MoAdeJanpyoniaga reMouInio
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['emoduust — HacsieicTBeHHOE 3a00jIeBaHIe, CBSI3aHHOE C HAPYIIEHHEM KOa-
TyJAun (IIpOIEecCoM CBEPTHIBAHUS KPOBH); TIPH 9TOM 3a00JIeBAHIH BO3HUKAIOT
KPOBOMBJINSIHUSI B CyCTaBbl, MBIIIIILI 1 BHYTPEHHIE OpraHbl, KaK CIIOHTaAHHbIE, TaK
U B pe3yJibTaTe TPaBMbl U XUPYPruICCKOTO BMEIIATE/IHLCTBA.

PaccMoTpum HeNTMHENHBIN onepaTop, KOTOPbIN MOPOXKIaeT IMHAMITIECKYTO CH-
cTeMy, OINCHIBAIOILYIO SBOJIIOIIIO TeMOMUIINN.

[Tycrn

n v
Yk = 0.7 2 0,3 i+ Do =1 Vi kL (1)
j=1 =1

Ompegemum orneparop (em. [1], [2]) V : (x,y) — (2/,y), 3anaBaemblii hopmy-
JIAMHU

n,v f n,v m
Zi,kzl %(j,l)cxiyk . ;o Zi,kzl %(j,k)l’iyk B
=1ln vy == - Jd=1v. (2
(>ims xi)(Zj:l yj)

/
Hr—

T ()
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O603HaYNM

gl — sz(xl,...,xn,yl,...,y@)E]R”*"’:xizo,yjZO,in—I—Zyj:l ;
i=1 j=1

O = {seS"™ " :(z,...,2,)=(0,...,0) wmm (y1,...,4,) = (0,...,0)},

Snv = §grtv=ly O,

Teopema 1. Onepamop (2) ¢ xoappuuernmamu (1) omobpascaem S™" 6 cebs
moezda u moavko mozada, xozda

s o T e e YY) € 8™, Vi, k. (3)
Cutestytonuii onepaTop OnuchbiBaeT reModunio
c 2xu+yu
= Wary)(uto)
y’ _ bzv3yutdyv
12(x u+v
Ve . u’ _ Gx(zL—tGyagl(J—i-_gyz)L—Félyv <4)
T 12(z+ty) (utw)
r_ 3yu—+4yv
(V= 12(z+y) (utv)

dcno, uto V : §%? — 522,

Teopema 2. Onepamop (4) umeem eduncmeernnyio nenodeusicuyo mowky p =
(1/2,0,1/2,0) u daa amoboti nauarvroti mouku s € S** ewnoansemcs

le Vi(s)=p
Jluteparypa
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CymiecTBoBaHIE ITPOCTBIX NEePUOANYECKUX PEINeHnil B
MHOTOMEPHBIX KOJIeOAHNSIX C MMIIYyJIbCHBIM BO31€iiCTBIEM
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PaccmarpuBaeTcst 3aja4da 0 CyIHIECTBOBaHUI MPOCTHIX MEPUOJNYECKIX PeIe-
HUII MHOTOMEPHBIX KoJiebaTe/IbHbIX CHCTeMax ¢ UMIIYJIbCHBIM BO3JefcTBHEM, KO-
rja JIeHCTBUS UMITYJIbCHBIX CHJI ITPOMCXOJUT B MOMEHTBI JIOCTHUXKEHUS IOJTHOM
SHEPIUM CUCTEeMbI (DUKCUPOBAHHOI'O 3HAUCHHUSI.

PaccmoTpum ypasnenue

Uy = a2Au — vy, (1)
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IIpn Ha4daJIbHBIX YCJIOBUAX

u(wy, o, ..y Ty, 0) = (1, To, .0y y), @)
ut(xla X2y ooey Ty, 0) - w(xly X9, "'axn)a
¥ IPAHNYHBIMY YCJIOBUAMU
(0, Tg, .oy Ty, t) =
u(wy, 0, .y Ty, t) =

(ll, 9, ...,In,t) = O,
(5131, lg, ...,l‘n,t) = O,

u
[

(3)

n
2
rie A =) %— oneparop Jlammnaca, u(zy, xg, ..., Ty, t) CMelieHne napaJiese-
k=1 "*

nunesia B MoMent pemen ¢, o € CHQ), ¥ € C3(Q), ¢lyg = Vlgg =0, v =
const > 0,
= {(xl, To, ,xn) 0< 21 <[,0<29<[y,....0< 2, < ln} C R".
B obactu G = Q x [0, +00) C R™! pacemorpum Kosiebanus napaJiiesien-
1e/1a, IPUHAB B KAUECTBE PEryJIUPYIONEro (pyHKIIMOHAJIA, TOJIHYIO SHEPIHUIO KOJIe-

oaHud
1 n
E,(t) = 5/a2 Zui +ul | dx
A i=1

C 3aJaHHLIM KPUTHYeCKNM 3HadeHneM Fy > 0 1 3aKOHOM HMITYJILCHOIO BO3Jeii-
CTBUS
u(wy, o, .oy Ty, t +0) — u(xy, o, .oy Ty, t — 0)\Eu(t):E0 = a(x1, T9, ..., Ty),
(1, To, .oy Ty, t 4+ 0) — ug(x1, 29, .oy Tpy t — O)\Eu(t):EO = B(x1, T2, ..oy Tp),
4
e « € CYQ), B € CN), alyg = Blsg = 0 — sananube cbyHKuy(m),
(1, Tay .oy Ty) € LA

Omnpenesienne. [lepuoduyeckoe pewenue 3adavu (1)-(4) nazosem npocmoim,
ECAU PACCOANUE MENCAY €20 COCCOHUMU MOMEHMAMU UMNYADCOE NOCTMOAHHO U
PAGHO NEPUOIY IMO20 PEULEHUA.

Teopema. FEcau T paccmoanue mestcdy cocednumu MOMEHMAMY UMNYADC-
nozo 6osdeticmeusn npu 3adannom E,(t) = Ey ¢ynrxuyuu o« u f ydosaemsoparom
mpebosanuam o« € CHQ), B € C3(Q) u alyy, = Blyg = 0, cnpasedausw pa-

1 2 k 1 2
6EHCMBA @gni,..,mn = gogni,..,m" = .. = gofnf,..,mn = ,zbfnfm = ¢7(713,..,mn = .. =
wf(,lnfl)mn = ..., mo 3adaua (1)-(4) umeem npocmoe nepuoduveckoe peuenue 6uda.
JIuteparypa
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JImHaMWKa OJHOI0 KBaJIPATUIHOIO CTOXaCTHUIECKOTO
orieparopa ¢ rnepeMeHHbIMHI K03dduiimeHTaMmn

M. A .KoaupoBa
Hamaneancruti 2ocydapemsennoviti yrusepcumen
malika24kodirova@gmail.com

n

ITycrs Y071 = {x = (1,...,xp) Y ;= 1,2 > 0} — (n—1)-mepHblit cnm-
i=1

mwiekc B R"™. V3Bectro [1], aro KBajpaTuvHbIil croxacTuaecKuii ornepatop (K.c.o.)

Vx5 ¥l onpenensercsa paBencTBami:

(Va), =z, = Z pijkTit;, k= 1,n, (1)
ij=1

n
_1
rie pijk > 0,Dijk = Djiks 2. Pijk = 1, = (z1,...,2,) € X", Bosee Toro,
k=1

k.c.o. V : Y"1 — 3771 Gynem Ha3bIBATH BOJIBLTEPOBCKIM, CCJIH pijx = 0 upn

ke {1, 7} (em.[1]).
Econ V : ¥ — 371 pompreposekuit onepatop, To ' = V& MoxKHO 3ami-
caTb B BHJE:

o = g 1+Za;ﬂ-xi k=1n, (2)
i=1

TIe Ap; = —Qik, |ag| < 1.
I3 |2] usBecTHO, 4TO KBAJAPATHYHO CTOXACTHIECKUE V' OllepaTopbl ¢ epeMeH-
HBIMU KO3(DPUIUNEHTAME OLPEIC/ISIOTC PABCHCTBAME:
L Viz, ecimm z € A,
V= {Vgx, ecin x € S\ A, 3)
riae Vi — K.c.o., Vo — BosbTepoBckuit oneparop u A C X"
Kak gacrHbiil cirydail paceMOTpUM JIMHAMEKY orieparopa (3)
Vi {xll :/ ag;% + 22179 ;— :U%, 0V {x:1 = (1 + bajg) )
'y = (1 —a)zg, x'y = x9 (1 — bxy) .
Vi — k..o, Vo — BOJIbTEPOBCKHUil ollepaTop, OTCIONA, CJIEIyeT, HUTO
a € [0;1],|b] < 1. Ilycrs muHOXKecTBO A OmpejesieHo ciepyomum obpasom: A =
{x cSl: o < %} (B [2| mpuBoAMTCST TEOPEMA O HEMOIBIUZKHBIX TOYKAX OIEPATOPa
B 9TOM IIPEJICTAB/IEHIN ).
Teopema. Ecau onepamop (3) nenpepvisnoli, mo y 9mozo onepamopa cyue-
cmeyem eduncmeennas nenodeusicnan mowka (1;0), 1o ne cywecmeyem nepuo-
duneckas mouka 6mopo2o nopadka.
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JIuteparypa

[1] Tanuxomzkaes P.H. Ksajaparuanbie croxacrudeckue oneparopsbl, byHKImu JIsmyHosa u Typ-
uHupbl. Mar. cbopuuk, 1992, 183(8): 119-140.

[2] Komuposa M.A. /TunaMuka KBaJpaTHIHO CTOXACTUIECKUX OLEPATOPOB C [EPEMEHHBIME KO-
spdunmentamu orobpazkaembrx S' — S!. Cospemennbie TpobjaeMbl MaTEeMaTHKHA U HH-
dopmaruku, Marepuasibl peciryOJIMKAHCKON Hay9IHO-TIpaKTHYecKoil KoHdepenruu. Pepra-
Ha, 2019.

O reomMeTpum MHO2KeCTBa JOCTU2KMMOCTHU

A.4d.Hapmanos
Hauuonarvrut ynusepcumem Ysbexucmana umenu Mupso Vayebexa

[Tycrs M — riajikoe MHOTOOOpasue pasmeproctu n, V(M) — MHOKECTBO Beex
NIaJIKIX BEKTOPHBIX MOJieft, onpejesentbix Ha M. Obosnadum gepes [ X, Y] ckob-
Ky JIu Bektopubix noseit X,Y € V(M). Oraocurenbuo ckodkn Jlu MHOXKECTBO
V(M) asagerca anarebpoit Jlu. [iagxocts B marmoit pabore o3HaTaeT MVIAIKOCT
Kjacca C™.

Paccmorpum mmoxxecrso D C V/(M), 1epe3 A(D) 0603HAINM HANMEHBIITYIO
noaaredpy ajaredpsl Muoroodpasum JIu, cogepzKariyo muoxkectso D. CemeiicTBoO
D moxeT cofep:KaTh KOHETHOe U OECKOHETHOE THCJIO TVIAKNX BEKTOPHBIX TOJIEN.

g toukn x € M wuepes t — X'(x) 06o3HaUNM MHTErPAbLHYIO KPUBYIO
BEKTOPHOIO 10151 X, poxo/istiyio depe3 Touky x 1pu t = 0. Orobparkenne t —
X'(z) onpeneneno na nexkoropom nurepsaie I(x) C R, KoTopas B 00IIeM ciydae
3aBUCHUT OT HAYaJbHOI TOUKHU .

Omnpenesienne. Opouma L(x) cemeticmea D eexmoproir noset, nporoda-
Wasa wepes moyKy x, onpedessemcs Kax MHOHCECTNBO MaKux movex y u3 M, drs
KOMOPuLT CYWEeCmsyom deticmeumenvrvie wucaa ti,to, ..., tp u sexmopnoie noas
X1Xo, ..., X us D (20e k — npoussoavroe namypasvroe 4ucio) maxue, 4mo

g = XX (XD (2)).).

Onpenenenne. Toura y = X5 (X, (..(X1(2))...)) € L(z) nasweaemes T

— docmuoicumoti uz mowku x € M, ecau d t; =T.
i

O6oznaunm 1epe3 A, (7T) MHOKECTBO TOUEK, KOTOpble 1’ — JOCTHKHIMBI 13
TOUKH .

V3ydennio cTpyKTYpbl MHOYKECTBA JOCTHKUMOCTH U OPOUTBI CUCTEM TVIAJIKHIX
BEKTOPHBIX T10JI€fi TOCBSIIEHB! NCCJICIOBAHIST MHOTHX MATEMATHKOB B CBSI3M C €€
BasKHOCTBIO B TEOPUH ONTUMAJBHOIO YIIPABJICHHUs, JTHHAMUIECCKUX CHCTEMax, B
reoMeTpun n B Teopun cyoenuii [1]-[4].
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Ucnonbsys ujeto pabor Cycemanta [4], mosyuen psiji pe3yJibTaTos.

JIuteparypa

[1] Hapmanos A.¢l. O MHOXKecTBaxX yrpaBiisieMOCTH CUCTEM YIIPABJIEHUS, SABJISIONIUXCS CIIOSIMI
caoennst Kopazmeproctu oguH. uddepennmanpabie ypasuerus. 1983, T. 19, Ne9, C. 627-
1630.

[2] Jurdjevic V. Geometric control theory., Cambridge University Press, 1997, 492 p.

[3] Stefan P. Accessible sets, orbits, and foliations with singularities. Proc. London
Mathematical Society. 1974, V. 29, pp. 694-713.

[4] Sussmann H. Orbits of family of vector fields and integrability of systems with singularities.
Bull. Amer. Math. Soc., 1973, No 79, pp. 197-199.

Ggf)-c.naﬁo nepuoanveckmue Mepbl I'ubbdca ajiss Mmomesn

N3unra Ha jnepee Kaan
M.M.Paxmaryutaes!, 3.A.Bypxonosa?, M.A.Pacysnosa’
L2 Hamaneancxuti 2ocydapemeenmoti yrusepcumen
3 Hamaneanckuti axademuyeckuti auveti npu MBJ] PY3
m_ rasulova_ a@rambler.ru

Iycts 7% = (V, L), k > 1 ectb nepeso Kamn nopsxa k, rae V' — MHoxKecTBo
BepinH, L — MHOXKecTBO pebep 7F. M3BecTHO, uTO TF MOXKHO HpeIcTaBUTbh Kak
G, — cBoboIHOE TIpom3BejieHre k + 1 MUKIMYECKIX IPYIII BTOPOTO MOPsIIKa (CM.
1))

Mper paccMaTpuBaeM MOJEIH, TJe CIUH IIPUHIMAET 3HAYEHUS N3 MHOYKECTBA
¢ = {—1, 1}. Torma koudurypanus o Ha V onpejessercs Kak QYHKIUS T €
V = o(x) € ®; MuoxecTBO Beex Kondurypanuii copnajaer ¢ 2 = ¢V,

['amuiabronnan Mogenn Vsunra nmeer Bug

Ho)=—J S olw)aly), 1)
<z,y>€L
rie J € R, <,y > — Oamkaiiime coceJiu.

Llesib 9TOit paboThI OlKUCATD G](:l)—CJIaﬁO nepuoircKue Mepbl I'nboca, it Moie-
mm Vzunara va gepese Kaym nopsiiaka k = 3.

3BecTHO, ITO MeEPBI iy, (07,) YAOBIETBOPSIOT YCIOBHsI COTJIACOBAHHOCTH TOTJIA
1 TOJILKO TOT'JIA, KOT/Ia COBOKYITHOCTE Besimant h = {h,, x € Gj} yaoBierBopsier

h, = Z f(hy79>7 (2)
yes(z)
rie S(x) — muOokecTBO "mpsimbix moroMkoB" u rouku x € V, f(x,0) =
arcth (0 thx), 0 =th (JB3), 8 ==, T > 0 — remueparypa (cu. [1]).
Hnsg x € Gy, obosnaanm 1qepes ) = {y € G, : < x,y >}\S(z).
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[lycre Gy /Gy = {Hi, Ha, ..., H,} — dakrop rpymnna, rae G — HOpMaJIbHbL
JIeanTenb naaekca v > 1.

Oupenenenne. Cosoxynrocmo seauiun h = {hy, © € G} nasosem G
caabo nepuoduyeckot, ecau hy, = hij, npu x € H;, x| € H; das mobozo x € Gy,

Onpepesienne. Mepy (1 nasosem Gy, — caabo nepuoduyeckot, ecau ona co-
omsememeyem G — caabo nepuoduveckoli cosokynnocmu eauyun h.

[Iycrb A C {1, 2, ..., k+ 1} Hy = {z € G : Y wj(x) i 2}, re wj(x) -
jeA
9UCJIO G B CJIOBE x,G,(f) = {x € Gy : |z| i 2}, tne |x| — mmuma ciosa © € G, n
G,(:l) =HyN G,(f) — SIBJIIETCsT HOPMAJTHBIM JIeJTUTe/IeM MHJIeKCa 4.
Paccmorpum dakTop rpyiy G’k/G,(f) = {Hy, Hy, Hy, H3}, T1e
Hy={z € Gy : Y wj(x):2 |z 12}, H ={xeG: > wi):?2,

JEA jeA
x| 2},
Hy ={z € Gy : Y wj(x):i2 |z| i2}, Hy={xeGr: > wjx):?2,
JEA jeA
x| 23,

G](f) — cJ1abo mepuojmueckast COBOKYITHOCTb.
Teopema. [lycmv k =3 u |A| = 1. Jlasa modeau Hsuneza cnpasediusuvl cie-
dyrouue YmeepHcoeHUs:

1) npu v € (0; %) cyuLecmsyem He Memnee mpex G’,(f) — €000 NepuoduUNECKUT MED
Tubbca;
1

2) npu o € R\(0; 35) cywecmesyem ne menee 00not ng) — caabo nepuoduveckur
mep Tubbca.

JImreparypa
[1] Rozikov U.A. Gibbs measures on Cayley trees. World scientific. (2013).

[2] Rozikov U.A.; A Constructive Description of Ground States and Gibbs Measures for Ising
Model With Two-Step Interactions on Cayley Tree, Jour. Statist. Phys. 122: 217-235. (2006).

O HeKOTOpPBLIX KpaeBbIX 3aJa4 Jad AnddepeHImaabHoro
ypaBHEHUs BTOPOIrO MOPsJiKa ¢ MHBoJomel o (r) =1 —x

M.M.XacaHoBa
Anduorcancrudi 2ocydapemeennviti yrusepcumenm

B nannoit pabore OyjeM paccMaTpuBaTh 3a/ady HaxOoXKJIeHUN obIiee perienne
yPaBHEHUSI ¢ MHBOJIIOIEI:

—u’ (L —z) = du(z) = [ (2) (1)
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a TakykKe NPUBOJINM pelllennit KpaeBbix 3ajiad Tuna JIupuxie u Heiimana.
meeT mMecTo ciiemyiorias TeopeMa.
Teopema. Qynryus

u(z )—Acosf(x—l)+35hﬁ(x_1)+

}{_ { [sm\/_ x—t)—sh\/—(x—t)} (t) dt+ @)

T

[+ f [sinﬁa_x—t)ﬂhﬁu—x—t)}f(t)dt

0 11—z
ACNAEMCA 06ungz pewenuem ypasrerus (1) ¢ unsonoyuets o (r) =1 —x, 2de A
u B npouseoavrvie nocmosmmwie.
CorytacHo obiemy pertieruto (2), ajist ypaaerust (1) MOXKHO pacCMOTPETh Kpa-
eBble 3aJaun Tuma Jupuxie, Hefimana m gpyrux.
a) KpaeBas 3ajada tuna J{upuxie. Pemenne kpaesoii 3aaun tuna Jlu-
puxJie it ypaBaenus (1) mmeer Bug

B sin@ cos VA(z — 1)
u(z) = reos ) /COS\/—(t——) F(t) di+

ch\fsh\/_(a:——)
WP [ h\/_(t——) f(t)dt

6) kKpaeBas 3ajgada tuina Heilimana. {uddepennupyst (2), u3 kpaeBbix
yeaoBuit u (—1) = 0 mw w (1) = 0, moayunm perenne KpaeBoii 3a/aqi THIIA
Heiivana pist ypasuenust (1):

cos@cos VA(z - 1) 1
Qﬁsiné /COS\/_(t——) f(t)dt+

sh\/_(:lz——) 1 1
2\/Xsh 7 [ shv/\(t ) F(t)dt

0

u(r) =—

Jluteparypa

[1] Abdizhahan M. Sarsenbi. The theorem on the basis property of eigenfunctions of second
order differential operators with involution, AIP, 1759, 020030 (2016).
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KpaiiHocTh TpaHCIISIIMOHHO-THBapPUAHTHOI Mephl 1'1b66ca
aas moaeaun bayma-Kanensa na gepeBe Kasm

H.M.Xaramos!, JI.Myiigunos>
L2 Hamaneancruti 2ocydapemeentviti yrusepcumen
nxatamov@mazil.ru

Ussectno, uto aepeso Kamm I'* = (V, L) upencrasaserca kax rpynma Gy,
SIBJIAIOIIAACA CBOOOIHBIM Hpou3BeaenneM k + 1 IMUKIMIeCKUX IPYII BTOPOro I10-
psiJiKa ¢ 00PA3YIONUMIE 1, A3, ..., Gk+1 |1].

PaccMoTpuM Moze/Ib, TJe CIMH IPUHUMAET 3HAYeHUsl U3 MHOKecTBa P =
{—1,0,+1}. Torna xongueypayusa o na V onpenensiercst Kak Gynknnsg x € V' —
o(x) € ®; MuozkecTBO Beex Kondurypanuii copnaaer ¢ Q = V. Ilycrs A C V.
ObozHaumMm 4depes {24 MPOCTPAHCTBO KOHMUIYpAIil, OIpeIe/IEHHbIX Ha MHOYKe-
cree A.

lavmibTonnan mojenn boyma-Karens onpenensiercs ciietyiommum o6pa3oM:

Ho)=—J Y  o(x)o(y), (1)
(z.y).2yeV;
e J > 0.
[Iycrs 2V € V-dbukcnposannas Touka. O603HATMM:

W,={xecV:d z)=n}, V,={z eV :dx’z)<n}.
Hnsa x € W,, n > 1 obosnaunm

S(x)={y € W,_1 : d(x,y) = 1}.
MmuoxkectBo S(z) HazbBaercs "npamoir nomomkos" Bepimner x € W,.
[ycts b : 2 +— hy = (h_14, hog, hi1.)-BexTop byukius ot z € VN\{z}.
Pacemorpum BepositrocTHoe Mepa 1™ Ha Qy
M(n)(an) — Z;lexp{—ﬁH(an) + Z ha(x)w}, (2)
zeW,
rie o, € Qv , Z, = Zﬁneﬁvn exp{—FH(T,) + erWn h&(z)e} 1 hz 2 € R.

TOBOPSIT, YTO HOC/IE[0BATEIBHOCTD BEPOATHOCTHRIX Mep p™ sBisteTcst cora-
copauHoii, ecant (Yn > 1) u 0,1 € Qy -

S ) = W o), )
W €Qyy, wn|Vi—1=0pn_1
B sTom ciiydae cymiecTByeT eamHCTBeHHAs Mepa p Ha {dy, Takasl, 9To
p({o lv,= 0u}) = u"(an),
11 Bcex 1 > 1 u o, € Qy .
Caelyiomias TeopeMa JjaeT HeoOXOUMbIe 1 JIOCTATOUHbIe YCJI0BUsA Ha 4, 1pK
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KOTOPBIX BBITIOJIHSIETCsT (3).

Teopema 1. [Iycmw k > 2. Beposmmnocmmoe mepa ™ (o,),n = 1,2, ... 6 (2)
CO2AACOBAHHO M0200 U MOALKO mo2da, Ko2da Oas awbozo x € V' umerom mecmo
caedyrougue:

. )\Z+17y+%271,y+1
Atlae = HyGS(l”) Ziyte-1y+l 7

(4)

1
_ o1y tAzo1y+1
1z = HyeS(x) Zp1ytzo1ytl 7

20e X = eap{JB}, B = 1/T, 2, = exp(his — hos), i = +1,—1.

Tpancsiinonno-uaBapuaaTheie (TU) mMepsr ['nb0ca cooTBETCTBYIOT pellieH -
M (4) ¢ 2z, = z;upu Becex © € V u i = —1,4+1. Jlxa ynobersa, mepennmmm
Z41 = 21,2-1 = z9. Torya (4) umeer Bus

- )\zl—i—%zQ—i—l k
a= () 5
_ (xatAztlg
2= )
[loncraBniss 21 = 2o = 2, MOJYyINM
AR+ 6
=g (©)

[Iycte k > 2. s soboro A > 0 ypasrenune (6) umMeeT TOJBKO €MHCTBEHHOE
OJIOZKUTEILHOE PEIIeHIIe.

CoOTBETCTBYIONIYIO 9TOMY PEMIEHUI0 TPaHCIAIMOHHO-UHBAPUAHTHYIO Mepy
['u66ca obozHavIMM Yepes3 [i.

Teopema 2. I[Tycmv k = 2. Tozda das modeau Baroma-Kanesrs mepa iy A6-
aaemesa kpatimet npu A € (A1, \y) , 2de A\ =~ 0.336135 u Ay ~ 2.975.

JIuteparypa

[1] Georgii H.O. Gibbs measures and phase transitions. (de Gruyter stadies in Math: Berlin),
1988.

O rpymmax mudpdeomopdu3MoB CcJI0eHBIX MHOTO0Opa3mii

A.C.Il1apumnosB
Hauuonarvrut ynusepcumem Ysoexucmana umenu Mupso Vayebexa

Ob61en3BecTHO 4TO IpyIna JuddeoMopdu3MoB IIaJIKNX MHOT00Opa3uil nme-
eT BaxKHOe 3HaueHue B juddepeHnuaibuoii reomerpun u B anaaunse. Oymjpamen-
TAJILHBIMI PAbOTaMN B 9TOf 00J1aCTH SBJISIOTCA nccyenoBannu [2]-[4].
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uTencuBHOE pa3BUTHE TEOPUH I'PYIIILI JuddeomMopdrn3MoB HAYAIOCH C Pa~
ootel B.I.ApHosb/a 2], B KOTOpOM JOKA3aHO, UTO JIBUKEHUE UIEATbHON HECIKN-
MAIOIIUICA YKUJIKOCTH SIBJIAETCs Me0JIe3NIeCKIMU Ha TpyIie JudpdeomMopdu3MoB,
COXPaHSIONIIX 00bEM JIEMEHTA.

B crarbe paccMaTpuBaeTcs cJIOEHHOEe MHOI00Opas3ne ¢ U UCC/Ie/yeTcss HEKOTO-
pble TOJrpyHIbl ero rpynmnbl audgdeomopdusmon. M3BecTHo, UTO Tpynna amud-
deoMopPPU3MOB SIBJIsI€TCsI TONOJOIMYECKO I'PYIIION B KOMIIAKTHO-OTKPBITON TO-
noJsioruu. B ciydae, Korja MHOroodpasme KOMIIAKTHO, 9TOT (haKT JOKa3aH B pa-
oore [1], (ctp. 270). st IpoM3BOIBHOIO MHOTOOOPA3Us KOHETHON PA3MEPHOCTH
9ToT (bakT JoKazaH B pabore [5].

IIycts M — ritajikoe CBsi3HOE pUMaHOBa MHOroobpasue pasmepHoctu n, 0 <
k <n.

Yepes (M, F') obosnadum riajikoe MHOroobpasue M pasmMepHOCTH M, HA KO-
TOpOM 3ajiaHo Tyajikoe k-meproe cioerne F, rme 0 < k < n. Ilycrs L(p) —
ciofi cioenusa F', mpoxopdmuii dyepes TOUKy p, 1,[" — KacaTesbHOE NPOCTpaH-
ctBo cost L(p) B Touke p. Mbl nMeeM mofpaccioenne (TaKkoe pacipe/ieenne)
TF = {T,F :p e M} xacareibnoro paccioernst T'M wmuoroobpasue M. Obo-
saauum depes V (M), V (F) MmHOKecTBO TyiaJikux cedennii pacciaoenunit TM, T'F
COOTBETCTBEHHO.

Onpenenenune. Ecau npu duppeomoppusme f : M — M obpas f(Lg)
A100020 cron Lo croenus Foosasasemes caoem caoenus F, mo omobpascenue

f M — M nasweaemca C" — dugdeomoppuzmom croerozo mHoz2000pasus u
nuwemcs 6 eude f: (M, F) — (M, F).

O6ozuaunm depe3 Dif fp(M) muokecTBO Beex C7 — muddeomopdusmos ciio-
ennoro Muoroobpasusi (M, F), tne v > 0. I'pynma Dif fr(M) saBisiercsa mog-
rpymmoit Dif fp(M) m oHO siBJIsieTCsi TOMOJIOMMYECKON TPYIION B KOMIAKTHO-
OTKPBITOIT Toroiorun. Mbl BBOANM HEKOTOPYIO Tomooruio Ha rpymie Dif fp(M),
KOTOpasi 3aBUCHUT OT CJIOCHUs F' 11 cOBIa/IaeT ¢ KOMIIAKTHO-OTKPBITON TOMOJIOTHEI,
Korja F' siBJisieTcst n-MepHBIM C/IOCHUEM.

[Tycte {K )} — cemeiicTBO Beex KOMIAKTHBIX MHOXKECTB, Tjle Kaxjioe K npu-
Ha/JIeZKNT KakoMy Jnbo ciioro cioernst F'u nycers {Up} — ceMeiicTBO Bcex OTKPbI-
ThIX MHOzKecTB Ha M. Paccmorpum miia Kazxjoit napel Ky C L, u moboro Ug
COBOKYIIHOCTD Bcex orobpaxkenuil f € Dif f.(M), mns xoropsix f(K)y) C Up.
DTy COBOKYIIHOCTH OTOOparkeHuit OyjaemM 0bo3HadaTh depes

K\ Upl ={f: M — M |f(K\) CUs}.

HerpyiHo mnokazarh, 9TO ceMeiicTBO BCEBO3MOYKHBIX KOHEUHBIX II€pPecedeHmii
mmozkecTB Buja [K), U] obpasyer a3y st HEKOTODOIl TONOJIOIHH. DTy TO-
[IOJIOTMIO HA30BEM CJIOEHO KOMIIAKTHO-OTKPBITOH TOIMOJOrneil mim KOPOTKO F —
KOMITAKTHO-OTKPBITOIl TOIOJIOrUEi].

[Tycts M — ritajkoe cBsi3HOE PUMAHOBO MHOT000Opa3ne KOHETHON pa3MepHOCTH.
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Omnpenenenune. Hzomempus ¢ : M — M nazweaemca usomempueti cao-
enozo mHozoobpasus (M, F), ecau ono asasemes duddeomopdusmom caoenozo
mro02000pasus (M, F).

O6oznaunm depes Isop(M) muokecTBO Beex C — nm30MeTpHil CJIOGHOTO MHO-
roobpasust (M, F'), rue r > 0. Umeer mecro Isop(M) = Dif frp(M) () Iso(M).

Teopema 1. Ilycmov (M, F) — 2nadkoe c6a3H0E NOANOE CAOEHOE PUMAHOBO
MH02000pasue Konewnot pasmeprocmu. Toeda epynna Isop(M) asasemcea mo-
NOA0RUNECKOT 2pynnotl ¢ KOMNAKMHO-0MEPuLIMot monoso2uel.

O6oznaunm uepes Dif fo(M) muoxecrso Beex C muddeomopdusmos g €
Dif fr(M) croenoro muoroobpasust (M, F') takoe, 910 g(Ly) = L 17151 KazKI0T0
cnost L, cnoennst F'. IToToK KaxK10ro BEKTOPHOIO 10JIst cOCTOUT auddeomopdus-
MOB cJ10eH0ro MHoroobpasus (M, F'), kotopsle npunaiexkar rpyiiy Dif fo(M).
MoxKHO JI0OKA3aTh CJIE/IYIONLYI0 TEOPEMY.

Teopema 2. ITycms (M, F) caoenoe mnozoobpasue, 2de M znadkoe ceasnoe
MH02000pasue ¢ Koneunol pazmeprocmu. Toeda epynna Dif fl(}(M ) AsAAEMCA
mononozuyeckot 2pynnot ¢ F' — xomnaxmmo-omxpoimot monosozuel.
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Some Relations from the Decomposition Formula for one
Multidimensional Lauricella Hypergeometric Function

A.Hasanov, T.G.Ergashev
Institute of Mathematics Uzbekistan Academy of Science, Tashkent,
Uzbekistan
ergashev.tukhtasin@gmail. com

We consider the equation

in the region R"* = {z : xy > 0,29 > 0,...,x, > 0}, where x = (x1, ..., z,,) , m >
2,
0<n<m;a=(u,..,a,),q; are real numbers with 0 < 2a; < 1,7 =1, n.

Fundamental solutions of the equation (1) were constructed recently [1]. In
fact, the fundamental solutions of the equation (1) can be expressed in terms of
Lauricella’s hypergeometric function in n variables, defined by

Ff(ln) (@, 01, ooy D €Ly vy Cpy 21y ey 2) 2= F( ") [ @015 0005 bn 21, ,zn]
Cly...,Cp

oo

a bl .. (b 2Pt e a
_ Z ( )p1+...+pn( )p1 ( )Pn 21 Z’ZZ‘ <1, (2)

(Cl)pl (Cn)pn pl‘ pnw i=1

P1yeeespn=0
where ¢; # 0,—1,-2,..., i« = 1,n and (k), denotes the general Pochhammer
symbol.
Thus, we obtain the following fundamental solutions:
k :
— 1— 20@_ —2084 61{:7 "'71_ak7ak+17"'7an7
4 (&) = ] L (&) Fy {2 — 2@1,.. 2 — 2ay, 21, ..., 2ay; C1 O
(3)
where

k n
/Bk:%—Fk—l—ZOéi—F Z a5,

i=k+1
DL 17 Lla I'(1
= 92hm k
e /2 i;l;[l [ (2¢;) 31;[1 re- 20@

81

I
(=
S



82 Section. Differential equations

2 m m
op=1-— %, r? = Z(xz —51)2, = (mk+fk)2+ Z (2 —&)Q,k = 1,n.
i=1 i=1,ik

For a given multiple hypergeometric function, it is useful to fund a
decomposition formula which would express the multivariable hypergeometric
function in terms of products of several simpler hypergeometric functions involving
fewer variables. For example, the hypergeometric Lauricella function F' (n), defined
by formula (2) has the decomposition formula [2]

Ff(lm (@, b1, ooy b3 €1y ey Cps 215 ey Z1)

_ i (a’)m2+...+mn (b1>m2+...+mn (bQ)m2 (b”)mn Mot ma M,

o mal..mn! (1)t (€2) - (o) 1 2 "
Fla+mo+ ...+ mu, by +mo+ ...+ my;c1 +mo+ oo +my; 21)
(n—1) [ a+ mo + ... + my, by + mo, ..., b, + my; sz m € NV[1}. (4)

-F
A Co + Mo, ...y Cy =+ My;

However, due to the recurrence of formula (4), additional difficulties may
arise in the applications of this expansion. Further study of the properties of the

hypergeometric Lauricella function Fén) showed that formula (4) can be reduced
to a more convenient form.

Lemma. The following decomposition formula holds true at n € N\{1}

FXZ) (@, b1,boy ooty by €1y Coy ey Cry 215 ey Z1)
~ (@) atmn) 71 O8) Bha) Bl [a+A(l€ n), by + B(k,n); ]
= ’ —z, " F ol T zkl, (O
mz;o mis! H (k) Bk " cr+ Bk, n); &
(2<i<j<n)
where
k+1 n k n
A(k,n) = szi’j’ B(k,n) = Zml?ﬁ_ Z Mt 1,4
=2 j=i i=2 i=k+1
Lemma. Let a,by,..., b, are real numbers with a = 0, =1, =2, ...and a >

by + ... + b,. Then the following summation formula holds true at n € N

n

> Q) A(n.n by, o) @ — by, W —B(kn n !
3 ( )A.(.', )H( )b, >(( ) Jagen) B _ 1 (aZ%) _ (@)
miog=0 I D) @) A(kn) k=1 [T (a—bg)
(2<i<j<n) k=1

(6)

The Lemmas are proved by the method mathematical induction.
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Lemma. The following equality
n 1 1
lim z o ...z;b”Fjg ) (a, bi,....bp;c1,y eyl — — 1 — —)

Zk*)O

n n F

r — b

(30 T "
k=1 k=1

18 valid.

The proof of the Lemma follows from the above first two Lemmas.
Fundamental solutions, defined by (3) and equalities (5)—(7) play an important
role in the study of boundary value problems for the equation (1) [3].
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A Non-local Initial Problem for Second Order
Time-Fractional and Space-Singular Equation

E.Karimov', M.Mamchuev?, M.Ruzhansky?
YV.I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan.
2Department of Theoretical and Mathematical Physics, Institute of Applied
Mathematics and Automation, Nalchik, Russia.
3Ghent University, Ghent, Belgium

We consider the equation

L(u) = B,(u) = f(t,x) (1)
in a rectangular domain D = {(z,t): 0 <z <1, 0<t<T}, T > 0, where
f(t,x) is a given function,

L(u) = du(t, x) Z/\ (2)

is the time component of the equation, W1th orders 0 < a; <1, o < a <
2, neN, )N €R, and

V2

By(u) = (. 7) + iux(t r) — ult,7) (3)
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is the Bessel part of the equation with v > 0. Here

1 g™ (2)
T (k—a) / e @ & o

Oy (t) = 1 0
dFg(t)
T a € N,
L 9(1), a =0,

is a fractional differential operator of Caputo type, k = [a] + 1. We can refer to
[1] for further details on the Caputo fractional derivative operators.

The non-local initial boundary problem for equation (1) is formulated as
follows:

For M € R find a solution u(t, z) of the equation (1) in the region D, satisfying
the following conditions:

(i) regularity conditions

1
u € C(D), Uz, O5u € C(D), /\/ﬂu(t,x)]dx < 400;
0

(ii) boundary and non-local initial conditions
lim zu,(t,2) =0, u(t,1) =0,

z—0 <4)
u(0,z) + Mu(T,z) =0, 0<z <1, [a w(0,z)=0, 0<z<1.

The main result of this note is well-posedness. The interesting part are the
conditions on f allowing one to handle the singularities in the coefficients of the
Bessel operator, and the non-resonance conditions (5) relating the parameter M
with the length T of the time interval, coefficients and fractional orders of time-
derivatives, through the multinomial Mittag-Leffler’s function.

Theorem. Assume that

o f(x,t) is differentiable four times with respect to x;

o f(O,t) = f/(ovt) = f”(ovt) = f”/(O,t) =0, f(l,t) = fl(17t) = f”(lvt) =0,

° % s bounded;
€z

o f(x,t) is continuous and continuously differentiable with respect to t,

and non-resonance conditions

1
5)
E(a—al,a—az ..... a),l()qTO‘_O‘l, ey AT n, —’Y;%Ta) (5)

M # —
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hold for all k =1,2,....
Then there exists a unique solution of the problem (1), (4).
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O paspenmMocTu O{HOI 3aJa49M JJd BBIPOXKJIAIONIETOCH
nmapaboJmvIecKoro ypaBHeHs CMeIIIaHHOTO TUIIa

M.X.Ak6aposa!, IT1.IIT. MyxcuHos>
L2 Tawwenmexuti yrnusepcumem un@opmayuonnols mexnoso2ut

B nacrosieit pabore mcciieryercs HeJIoKaJibHas KpaeBasl 3ajiada, JIJisd ypaBHe-
1304831

(sgnx) up = Tz + ax, t)uy (1)
B obsactu Q= QT UOQ” US,
_ Joaq, (x,t) e QF | o
a(z,t) = {a% (z.1) € O, O<a;<1,i=1,2)
3gech 0T = {(z,t):0<2x<00,0<t<T}, Q —

{(z,t) . —1<2<0,0<t<T}, S = {(x,t): x2=0,0<t <T}. lonoxum
Fo={(z,t): 0<2x <00, t=0}, I''={(x,t): =1 <2 <0,t=T}.

[lycts = h(t) — sagannas dbynximus n3 kiacca CH0,T], npuyem —1 <
h(t) <O.

Bamaua. Haiitu perynsipnoe B obmacru Q\S pemenne u(x,t) € C1(Q\9)
ypasaenus (1), HerpepbIBHOE BILIOTH JI0 TPAHUILI 001aCTH §) U YIOBJIETBOPSIIOIIEe
KPAEBBIM YCJIOBHUSAM:

u(@,t)p, = ¢o(x),  wlz,t)lp, = dr(e); (2)
u(—=1,t) +a(t)u(h(t),t) = u(t), 0<t<T, (3)
U YCJIOBHIO CKJIEHBAHUSI
lim 2%, = lim (—2)"u,, (4)
z—+0 x——0

riae ¢o(z), ¢1(x), u(t), a(t) — samamabie mOCTATOYHO TyIaJKNe (QYHKIMH, TPU-
ueM ¢o(x) — orpanuuena B [0,00), ¢1(x) € C[—1,0] N C%(=1,0), u(t),alt) €
C0, 71N C?%(0,T), ¢1(—1) + a(T)u(W(T),T) = u(T).

Teopema. [Tycmo |a(t)| < 1. Toeda 3adava (1)-(4) umeem ne bosee 0dnozo
peweHu.
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O kpaeBoii 3a7ave JJjisi cMeIlaHHO-IapabdoIMIecKoro
ypaBHEHUH

C.X.Axkb6apoBa, M./I.XamuioB
Anduotcancruti 20cydapemeennoili yrusepcumem

[Iyctb D — objiacTb, orpanndeHHas npaMbiMu £ = —h, y = Y npu x < 0,
y>0uy =0y=Ymnopuz >0 y > 0316 h = (29" 2¢ =n+ 2,
n = const > —1,Y = const > 0.

Oboznaunm yepes

Dy=A{(z,y):0<x<00,0<y<Y}, Di={(r,y): —1<x<0,0<y<Y},
J={(z,y) ;2 =-1,0<y <Y},
L=A(z,y):0<z<00,y=0}, L={(x,y): -1 <x<0,y=Y}.

B ©Oeckoneunoii objactu [) u3yduMm KpaeBas 3ajiada  JJIsi  CMEIIaHHO-
11apaboJINIeCKOro YpaBHeHUsI BUIa

k(y)uze — (sgnx) p(r)u, = 0, (1)

3aech koadunuento! k(y) = y™, p(x) = (zsgnz)”, m = const > 0.

Bamernm, aTo B ob1actu Dy ypasrerue (1) siBasgercst mpsMo-TapaboInIecKnM,
a B obsiactu Dy — obparHo-niapabosnueckum [1]. 3j1ech HYKHO OTMETUTB, Y4TO B
OecKOHEYHDBIX 0bOJ1acTeil ncc/ie0Balbl KPaeBble 3aa4il JJisd yPaBHeHUH CMelaH-
woro Tunos B paborax M.C.CajaxuTjnHoBa 1 ero y4eHukos |2,

Bagaua A. Haiitu Gyuknuio u(x,y), u(z,y) € C*Y(DyU D1), ynosieTsopsi-
foryio (1) B obactsix Dy, Dy 1 061 IAI0MIYI0 CIAYIONIMI CBOHCTBAMI:

1) u(x,y) € CY(D) u HenpepblBHa BILIOTH J0 IPaHuIbl objacT D;

2) u(x,y) ABISETCS PEryJIsSIPHBIM pellieHneM ypasHerust (1) n orpaHmdena s
Beex 0 < x <00,0<y<Y;

3) Y/IOBJIETBOPSIET CJIEJLYIOMINM KPAEBBIM YCIOBHSIM:

w(@,y)l,— = #(@),z € I, (2)

u(‘r7y)‘y:Y = ¢(x)ay € [27 (3)
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@, Yl = xW)y € J, (4)

rie o(x), ¥(x), x(y) — 3amannbie GyHkiwm, mpudem () — orparndena B [0, 00),
P(z) € C[-1,0/NC*(=1,0), x(y) € C0,Y]NC*(0,Y),x(Y) = ¥(-1).

E/MHCTBEHHOCTL PEIIeHnsT MOCTABJICHHON 3aJaun CJIeLyeT U3 CJIeLyIOIIero
MPUHIHIA SKCTPeMyMa;: pererue u(x, y) 3a1adn A ¢BOero moJoKUTeTbHOIO MaK-
CHMyMa, I OTPHIATELHOI0 MEHIMYMa B 00JacTH 1) MOYKET JIOCTHIATh JIMIIb Ha
rpanune [ U Iy U J.

CyuiecTBoBaHe perieHnst 3a0a9i A JJOKa3bIBAETCsI CBEJIEHIEM K HHTErPaJbHO-
My ypasaenuio @pejirobyMa BTOPOro pojia, OJHO3HAYHAs PA3PENINMOCTh KOTOPOii
cJlejlyeT U3 eJIMHCTBEHHOCTH PEIIeHIs T0CTaBJICHHON 38 1au.
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- C.3-5.

OO0 oxmHOIT KpaeBoii 3ajJia4de JJid YPaBHEHUS TPEThEro
MopsgJKa C KPAaTHBIMU XapaKTEePUCTUKAMU

FO.I1.Anakos!, A.A.Xamuros?
L Hamareanckuti unstcenepno-cmpoumenbiolli uncmumym
2 Hamareancxut 20cydapemeenivili yrusepcumen

B obmactu D = {(z,y,2): 0<zxz<p, 0<y<gq, 0<z<r} pacemor-
PUM ypPABHEHUA
Pu  *u  u |
x>  Oy2 022 (1)
raie p >0, g >0, r > 0 — OCTOSIHHBIE BEIIECTBEHHOE YUCJIA.

Bamaqa. Haiiru pemmenne ypasuenus (1) B obnactu D u3 knacca C322 (D) N

Lu] =

C%;i (D), YAOBJIETBOPSIONIEE KPAEBbIM YCJIOBUAM

u(z,0,2) =u(r,q,2) =0, u(x,y,0)=u(z,y,r)=0, (2)

u (07 Y, Z) - @01 (y7 Z) U (p7 Y, Z) - ¢2 (ya Z) y Ug (pa Y, Z) - ¢3 (y7 Z) ) (3>
re ¥; (y,2), 1 = 1,3 — 3aJannble JOCTATOUHO IJIajKasa (QyHKIN.

Ormernm, 9To st ypashenus (1) npu z = 0 pacemorpeno B paborax [1,2], a
TpeXMEepHOM BapHaHTe JJIs YPABHEHUsI BTOPOIo MOPsIJIKA — B paboTax.

VeTaHOBINBACTCS €JIMHCTBEHHOCTD PEIIeHIe IOCTABICHHO 3a1auu.
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HekoTopbie ocobeHHOCTI TeOpUU MOBEPXHOCTH B
l'anmaeeBoM mmpocTpaHCTBE

A.ApTukbaeB
Tawrenmekut UHCmumym UHACEREPOS HCEALZHODOPOHCHO20 MPAHCNOPMA
aartykbaev@mail.ru

Teopust HOBEPXHOCTH rajiijleeBa HPOCTpaHcTBa "R3 jano B MoHorpadguu [1],
rje TpedyeTcs OT IMOBEPXHOCTH, YTOOBI OHO He MMeJia 0COObIX KacaTe/IbHbIX ILI0C-
kocreit. Ecm moBepxHnocth F' paccMaTpuBaeTcsl B HEKOTOPOIT crcTeMe KOOPIUHAT
Oxyz, TO IockocTn x = const OyayT ocobbiMu. Torjia BEKTOpPHOE ypaBHEHUE
noBepxHocT F' 3ajaercst (hopmyioit

T (u, v) =ut+y(u, v)j+2(u, v)k
e i, j, k — 6a3ucHble BEKTOPH! KoopanHaTHBIX oceil Oz, Oy, Oz COOTBETCTBEHHO
u (u,v) € D.
Pacemorpum ciydait, Korja obsiacts D IpUHAIEKNT KOOPJAMHATHON ILJI0OCKO-
ctu xOy. B atom ciydae x = u. Ecin cunrarh u-mapamMeTpoM, TO ypaBHEHUS

y:y(u,v), Z:Z(U,U)
JIAIOT OJIHOIIApaMeTPIIEecKoe CeMeiicTBO KPUBBIX Ha IockocTr yOz.

YemoBus, 9TO MOBEPXHOCTH F' HE MMeeT ocoOble KacaTeIbHble IJIOCKOCTH, B
HEKOTOPOM CMBbIC/Ie OrpaHndIuBaeT mpounssosi obaactu D. Ilycrs v — KpuBast orpa-
HUIHUBAIOIIAS OJJHOCBSA3HY0 00jacTb D u napamerp u € [a, b]. Torga usz TpeboBa-
Hug HajaraeMoii nosepxunoctn F € 'Ry coenyer, uto npaMble £ = a 1 = b ne
MOTYT ObITh KacaTeJbHbIMU K KpuBOit 7v. Ho 9Tu npsiMblie MOT'YyT OBITH OIOPHBIMU.

DTN YTBEPKJICHUS JIETKO JIOKA3BIBAIOTCS TCOMETPIHIECKUMI METOIaAMU, HO OHI
TPeOYIOT TIIATEJHLHOINO U3YyUYEHHUsI ¢ TOYKHU 3peHusi Teopun uddepeHInajibHbIX
dyHKIHIL.

3asmaqa. Haittn qudpepennmanbabie yeaoBus, HajJaraeMbie Ha IIOBEPXHOCTH,
He MMEIOIIIe 0COOBIX KACATebHBIX IIJI0OCKOCTEll B FaJIiIeeBOM IIPOCTPaHCTBe L Rs.
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O 6asucax B L,(R") cpeganx Pucca cneKTpaJbHbIX
Pa3JI02KEHN

K.T.ByBaeB

Havyuonaronwil yrnusepcumem Ysbexucmana
buvayev@mail.ru

PaccMoTpuM o1HOPOAHBIH HosHOM 110 € € RY 4erHOro mopsixa m ¢ Bele-
CTBEHHBIMU KO3 PUIneHTamm
— (0%
A€) = ) aat” (1)
o[ =m
3aech o = (v, g, ..., an) (B MyJTbTHHHIEKCHBIX 0003HATEHHUSIX ).
[Iycts coorBercrBytomuit  mosuHomy (1)  mudbepeHImanbubiil - onepaTop
0
AD) = > a,D® asuserca ssumnrudeckum (D = D®, D; = _8_) Hastee
|a|=m 10T
GysieM npejtosioraTh, uto MHoxkectso M = {€ € RN . A(¢) < 1} asnsercs
BBIITYKJIBIM.
Oneparop A(D) ¢ obnactbio onpejenenus CC(RY) umeer B Lo(RY) enun-
CTBEHHOE CAMOCOIIPsI?KEHHOE PACIITIPEHe, CIIeKTpaibaast QyHKIIA KOTOPOIO PaB-
Ha

O, 4. \) = (27)N / i1 e,
A(§)<A

CrexTpasbHoe pasiozenue Jioboro snementa f € Lo(RY) ompenenserca dop-
MYJIO1

By /() / e 2)

rje f f f(z)e @ dg — Hpeo6pa30BaHMe ®Oypbe pyuknun f. Cpennue

Pucca HOpH,ZLKa s > 0 CreKTpaJIbHOTO PA3JIoyKeHus (2) paBHbI

Bt =en ™ [ (1-22) foeoi
A(§) <A

Onpenenenune. Lydem zosopumv, wmo onepamopov. EY obpasyrom basuc 6
Ly(RY), ecau dna moboti gynxyuu f € Ly(RY) cpednue Pucca ESf cxodum-
ca® f 6 Ly(RY).

Ussectro [1], uro oneparopsl Ef obpasyior 6asuc B Ly(RY) Torga n Tojbko
Torja, Korjaa Jioboit pyukiun f € Lp(RN ) BBITIOJTHSIETCST HEPABEHCTBO

IS fllz, vy < el fll, ), (3)
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IJie C-KOHCTaHTA.
Hacrosmmasa padbora mocBsiiena n3y9eHnIo BOIIpoca 0 6a3MCHOCTH OIIEPaTOPOB
E5 8 Ly(RY) upu N > 3.

Teopema. Tycms N > ¢3, 1 < p < =22 u s > N(%—%)—

SN Toz0a

1
5
onepamopv, £ obpasyrom basuc 6 Lp(RN ).

OrMmernM, 9TO B CHJIY JBOHCTBEHHOCTH AHAJIOTMTIHOE YTBEPKICHUE CIIPABE]I-
JII/IBOHpI/Ip>%I/IS>N(%—%)—%.

B ciaydae, koryia MEHOXKeCTBO M SIBIISIETCST CTPOTO BBIMYKJIBIM (T.€. MHOXKECTBO
OM = {£ € RY : A(§) = 1} umeer HeHy/IOBble IVIaBHbIe KPUBU3HBLI BO BCeEX
TOYKAX), 9TOT pe3y/brar ObLT mosydeH B [2]. B meopeme cunmaercs TpeboBanme

CTPOTrOii BBITYKJIOCTH MHOXKecTBa M.

JIuteparypa

[1] Asumor ITA., Vnbuu B.A., Hukumman E.M. Bornpocs! ¢xouMocTu KPATHBIX TPUTOHOMET-
PHYECKUX PSJIOB U CIIEKTPaJIbHBIX passoxkenuii // YMH, 1976, T. 31, Ne6, C. 29-83.

[2] Aurypos P.P. O6 ycnosusix 6azucnocru B Ly(RY) cpennnx Pucca crieKTpaabHBIX pasiozkKe-
uwit // Maremaruaeckue 3amerku, 1981, T. 29, Ne5, C. 673-684.

O BTOpOIT KpaeBoii 3a/ja4e AJd CUCTEeMbl YPaBHEHUIA THUMA
XoKKNHa- X aKCJIN

A.laBaaros, C.DpramioB
Anduostcancruti MawurocmpoumenvHulil UHCmUmyym
anvarjon.davlatov@mail.ru

B o6mactu D = (0,1) x (0,7 paccmaTpuBaercs cucteMa ypaBHEHHI:

ou 0% v 0%

— —a"— = f(u,v,x,t — —a"=— = h(u,v,z,t 1

8t 6$2 f( Y Y ? )7 at 85[;2 ( Y Y Y )7 < )
rae u = (Ui, U, ..., Uy), v = (v1,v9,...,0,). Oyukuun f u h HeIpPepLIBHEL,

JIOKAJILHO-JIUIIIINAIIOBEL 110 %, ¥ U YIOBJIETBOPSIIOT HEPABEHCTBY
|f(u,v,2, )| + |h(u,v,2,t)| < C(1+ |u| + |v])
B oostactu X = R™ x R" x D

Jist HaxoxkieHust periernst cucreMbl (1), yJIOBJIETBOPSIIONIErO YCIOBUSIM (2-
KpaeBasl 3a,1a4a):

u(@,0) = (), 0(@,0) =), u(0,1) = pot), u(1,t)=pm(t) (2)
PUMEHSIOTCA TEIIOBbIE TTOTEHIINAJIBI.

B pesysibpTaTe moyduTes CUCTEMa, COCTOSIIAs U3 JIByX BEKTOPHBIX yPaBHEHNI
Boabreppa oTHOCHTENBHO %, v W ABYX ypaHeHuit @pejroabma 2-pojga OTHOCH-
TeJILHO TIJIOTHOCTEN (v, 3 TEIJIOBBIX MOTeHIaI0B. [locpeicTBOM pe30IbBEHTHOIO



91 Section. Differential equations

siipa dyuknun «(t), B(t) Beipaxkatorcst depes f, h u Kpaesbie ycjaoBus (2). 910
O3BOJISICT IPUMEHUTDL METO/L IIOC/IE0BATEe/ILHBIX HIPUOIMZAKEHNN K OKOHYATEe/ILHO
CHUCTEMBI MHTErpaJIbHbI ypasHenuii Bossreppa orHocuTenbho u(z, t), v(x,t).

Teopema. Pewenue sadauu (1), (2) cywecmeyem, edurncmeenno u Henpe-
POHIBHO 3ABLLCUM, O, HAYANDHBIT U 2PAHUNHBLT 1YCA0BUTL.

JIuteparypa

[1] Tuxonos A.H., Camapckuii A.A. Ypasuenus maremarundeckoii dpusuku. M.: Hayka. 1972.
724 c.

O pa3zpenmmMocTn OAHOI KpaeBoil 3aJa4 U AJsd ypaBHEHUs
[TOr0 NOPAAKa C KPAaTHBIMHU XapaKTEPUCTUKAMU

A.X.2KypaeB
Hamareanckuti unotcernepro-cmpoumenvrozo uHCmuUmym

B obnactu D = {(z,y) : 0 < z,y < 1} pacemorpuM ypaBHeHHe
U 0*U
o o
Bynem rosoputh, uro U(x,y) peryisproe perienne ypabhenus (1), ec-
JII OHO yjloBJeTBopsier ypasHenuto (1) B obiactu D U OPUHAJIEKUT KJIACCY
C22(D)NCy (D).
Bamaua A. Haiitu perynsiproe pemenne ypastenusi (1) B obnactu D, yiio-
BJICTBOPSIOINIEE KPACBLIM YCJIOBUAM

0 (1)

U(z,0) =0, Uy(z,1)=0 (2)
{ U0,y) = 1(y), Us(0,y) = ¢a(y), 3)

rae ¢i(y) € CU0,1], ¢ (0) = ¢i'(1) = ¢"; (0) = ¢"; (1) =0, i=1,5.
Teopema. FEcau zadavwa A umeem pewenue, mo oHo edunHcmeeHHo.

KpaeBas 3asaua ajisd ypaBHeHUsI CMeIllaHHAro TUIA
BBICOKOT'O MOPSJIKA

B.}O.Upraies
Hamarzanckuti uHHCceHEPHO-CMPOUmMeAbHbill UHCMUmym

PaccmoTpum ypaBHenme B YaCTHBIX TPONU3BOIHBIX
Lu = D"u (z,y) + (sgny) D;"u (z,y) =0, (1)
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B 1psMoyrosibHoit obsactu Q@ = {(z,y):0<z<l,—a<y<a}, tue l,a —
3a/JIaHHbIE TTOJIOXKHUTEIbHBbIe JeficTBuTebHbIe [unciaa, n € N. Ilycts Q. =
QO >0), 2 =N (y<0).

Bagadga. Haiitu B obsnactu €2 dbyHKImo 1 (2, y) yIOBIETBOPSIOINLYIO YCIOBH-
SIM:

2)

(
D*u(0,y) = D*u(l,y) =0, —a<y<a, (3)
Dyu(z, —a) = ps(z), 0 <2 <1, (4)
Dju(z,a) =9 (), 0 <z <, (5
rie s =0,...,n—1, @ (x),9s(r) — 3amaHHbIe TOCTATOIHO TJIajKIe QYHKIINE 1
BBIIIOJTHSAIOTCSI €CTECTBEHHBIE YCIOBH COIJIACOBAHMISI.
[Ipu n = 1 ypasuenue (1) ectb uzBectHoe ypasaenue JlaBpentbesa-Bura/ise,

JJIsT KOTOPOTO HEKOPPEKTHOCTD 3ajadn Jnupuxiie 6bu10 nmokasano B [1]. Ormernm,
aro B a [2| umeercs obuMpHasi JIUTepaTypa 1o JIAHHON TeMaTHKe.

Teopema 1. [Iycmo 6vinoaneno 00Ho u3 cAOyOUWUT I8YT YCAOBUL:

1) Ilyemv n = 4m, m € N, daree aubo § € N, aubo § = 3 (% ¢ N), s, t €
N, (s,t) =1, (t,2)=1;

2) llyemv n = 4m + 1, uau n = 4m + 3, daree § € N, aubo § =
2 (3¢ N), s,teN, (s,8) =1, (t,4) =1.

I

Tora mpu HEKOTOPHIX OIPAHIMYEHUSIX HA IPAHUIHbIe (DyHKINH, 3a1a9a (1)-(5)
pazpenmMa B KJIaCCUYECKOM CMBICJIC.

Teopema 2. [lycmo 7 = 7 > 0 A6AACMCA UPPAYUOHANDHBIM AA2EOPAUMECKUM
yucrom cmeneru p > 2, Toz2da npu HEKOMOPHIX 02PAHUMEHUAT HA 2PAHUMHDLE
dynryuu, 3a0ava paspetuma 8 KAACCUYECKOM CMBICAE.

JIuteparypa

[1] Bunaygze A.B. Hekoppexkrhocts 3aiaun Jlupuxiie jijig ypaBHeHWH CMeNIaHHOrO Tuia //

JTAH CCCP. 1953. T. 122. Ne2. C. 167-170.

[2| TTramuuk B.1M. HekoppekThble rpanudnbie 3a1aun jiist JuddepeHIaibHbIX ypaBHEHH ¢
gacrHbiMU nipousBoaabiMEu // Kues, Haykosa Jlymka, 1984.
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HenokanbHast 3aa4a JIJist 3JJINOTUYECKOTO YPABHEHUS C
CUHTYJISPHBIMHI KO3 durnmenraMmu B I0J1y0eCKOHEeTHOM
napaJiiesieruiieie

K.T.Kapumos
Depeancruti 20cydapcmeertvill YHUBEPCUMEM,

B pab6ore [1] A.A.[le3un uccieoBas ypaBHeHme
(d/dt Yu—Au=f, 0<t<a

pu I'PaHUYHOM ycjoBun bul,_, — ul,_, = ¢. 31ech npemonaraercs, 4To s
t € [0,a] dysxius v () TpuHEHEMAaET 3HAYEHUST B KOMILJIEKCHOM OaHAXOBOM IIPO-
crpanctee B, A : B — B — kommyrtupyoruii ¢ d/dt HeorpaHndeHHbI JTUHEHHbITH
OIepaTop € TJIOTHOH 00JIACTBIO Ompejiesiennst U b-KOMILJIEKCHOE YHCJI0, a TaKyKe
HOSICHSIETCsI, 9TO 3aJlaHHasi yCJaoBHUdA ''HesloKasbHbIe"B TOM CMbIC/E, YTO 3aJ1ai0T
CBSI3b MKy 3HAYCHUSIMHI HEM3BECTHONW (DYHKINH B PA3INIHBIX TOUKAX IPAHUIIDI.

B JiByMepHBIX 00J1aCTSX JIJIsl BBIPOYKIAIOIINXC SJUITMITHICCKUX yPaBHEHUI
HEJIOKAJIbHBIE 3aJIa9i N3YYaIICh B paborax [2-4], B KOTOPBIX HEJOKAJIbHBIE YCJI0-
st mmesto Bt u (0,y) = u (1,y) n u, (0,y) = 0 mpu y > 0.

PaccMoTpuM TpexmepHoe 3/INITHYECKOe YPaBHEHNe ¢ JIBYMsI CHHTYJIAPHBIMI
Ko punmeHTaMm

Lu = Uy + wyy + Uz + %uy + ?uz =0 (1)

B obsact Q2 = {(z,y,2) : z € (0,a), y € (0,+00), z € (0,¢)}, vae B, v,a, ¢ €
R, npuuem 5, v < 1/2; a u = u (z,y, z)-Heu3BecTHas: QyHKIUS.

UccreayeM clieiyolyto HeJIOKaJIbHYIO 3ajady (Takue 3aJadi B HACTOSIIEe
BpeMsI oIy HasBanue "samada Jlesuna'):

Hesokanbnas 3amada. Haiitn dynkuno u(z,y,z) € C (Q) N
C' (N ({z =0} U{z =a}))NC?(Q), ynoenersopsomyto ypasternio (1) B o6-
nactu §) U yCJIoBUSIM

u(07y7z) :u(avy7z)7 Uy (07972) :ux(a7yaz)7 0<y<+o0, 0<2<0g,
u(z,y,0) =0, u(r,y,c)=0,0<z<a, 0<y<+oo,

u(z,0,2) = f(x,2), liI+n u(r,y,2) =0, 0<zxr<a, 0<z<c,
y——+00

rie f (x, z)-3aaHHast HelTpepbiBHAST (DYHKIIHSI.
Teopema. Ilycmv dynryus f(x,z) ydosiemsopaem yciosuam

ok ok

x—0 r—a 8Ik

f.(z,2) € C([0,a] x [0,]) ,ii_r}rg) for(,2) + Q%fz (x,2)| =0,
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i [ (0:2) 4 2 09)] = 05 [ (002 4 2 0 9)] € € (0na) ¢ 0.,

z—cC 82
[l ) 9 )
12—y ) 2y 2 | -2y (.2v
// N Oz {Z Oz [Z 0z (2 fmm(a:,z))]}
0 0

Tozda pewerue nocmassennoli 3adavu cywecmeyem u eQUHCMBEHHO.

drdz < +00.

JImreparypa

[1] desun A.A. Oneparopsl ¢ TEpBOii MPOM3BOJHON 110 BPEMEHH U HEJOKAJIbHbIE TDAHUIHBIE

yenosusg // Uss. AH CCCP. 1967. T. 31. Ne1. C. 61-86.

[2] JTeprep MLE., Permunr O.A. O zamavax tuna 3agaqu OpaHK/is jjig HEKOTOPBIX SJITHIITHYIE-

CKHUX YpaBHEHWI ¢ BBIPOXKJIeHUEM pas3Horo poja // duddepennuanbibie ypasaerus:, 1999.
T. 35. Ne8. C. 1087-1093.

[3] Moucees E.N. O pertiernn crieKTpaabHbIM METOIOM HEeJIOKaJIbHOI KpaeBoit 3aiaan // Tnd-
depenrmanbibie ypasaerus, 1999. T. 35. Ne8. C. 1094-1100.

[4] Moucees E.U. O paspermmmoct ofHO# HeJIOKaIbHON KpaeBoit 3a1aun // Tnddepennnaib-
uble ypasuenus, 2001. T. 37. Ne11. C. 1565-1567.

NurerpasbHoe npeobpa3zoBanne MesinHa ajd orepaTopa
nHTerpoand pepeHnmpoBaHs JPOOHOTO MOopaaKa

X.H.Kacumos, 2K.I11.Mamaiocy1ioB
Depeancruli 20cydapcmeermvlil Ynusepcumem

[lycts a;, b;, (i = 1,2) — 3amanHble JeficTBUTEIbHBIE TNCIA, TPHIEM —00 <
a; < b; < o0, (i: 1,2) I/IQ:{(I'l,xg) a1 < I <b1, as <l’2<bg}.

Kak B pabore [1] B Begiem omeparop apobHOrO HHTErpoIinddepeHImpoBaHme
nopsiika (v, ag):

( Ty T2

et | | o e o <0, ay <0,
a1 Qo
Dglljgj;xth@ ('Ih I2) = " ¥ (%1, Ig) ) a1 = 0, Qg = 0
(%??T;QD%QQ?%;”?@ (1, 9) a; > 0,a9 >0,
(04120,042<0 041<0,0{220),

rie I'(2) — ramma dyuxims Dittepa [1], n =ny +ng u

N — [Oéi]—l—l a; >0
L 0 a; <0 i:1,2.

Nurerpanbhoe mpeobpasoBanne Mesmna dyuknnn (1, x2) npun xp >
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0, z9 > 0 omnpenensercs cbopMyﬂofA’

81,82 //tsl ! 52 ! tl,tg) dtldtg,

a obpaTHOe MHTerpaJibHOe IpeodOpasoBaHue MeslinHa OCYIIECTBIISIETCS € ITOMO-

I[bIO PaBEHCTBa

Y1+100 Y2 +100
1

* —S —S -
¢ (21, 19) = " ©* (s1,82) o1 7wy Pdsidsy, v, =Res;, i =1,2
Y1100 Y2 —1i00
Ecnn 3rakoM <+ 0003HAYNTH COOTBETCTBHUE MeXK 1y PYHKINEN 1 ee NHTEerpaIbHbIM
npeodbpazoBanneM MetHa, TO JIETKO YCTAHOBUTH (DOPMYJIbL:

@ (k1xy1, kowa) <> ki 7 ky 20" (51, 59) x]flxgzgp (1, 22) <> ©* (51 + k1, 82 + ka)
— * S1 82 — — *
90(951131,352 ) < p1| 1\p2| 1%0 (]?_1’19_) , Pi#0, 2#0 ¢ (331171’21) " (=51, —52) .

meer MecTa clieayronme TeOpeMbI

Teopema 1. [Tycmo a; < 0, ag < 0,27 %" 1:L‘§2 oz—1 o (x1,m0) € L1 (Q).
Tozda cnpasedausa popmyaa
F(1+&1—51)F(1+&2—82) %

T )T (1_sy ¢ 1 ans—az).

aq,0 ©
a1,02;T1,T2

(21, T9) <>

Teopema 2. ITyemv 0 < oy < 1, (i =1,2), afto-lgsret o (g 2) ¢

Ly (). Toeda gpopmyaa (4) cnpasedrusa npu s; < 14+aq, s < 14+ag u ycaosuax

811821

Q1,002
T T D

0.0:,0,% ) =0 npux; =0, x; =00, 1=1,2.

JIuteparypa

[1] Camko C.I'., Kunbac A.A., Mapuues U.O. Wurerpasbl u npon3BoHbe JTPOOGHOTO TOPSIIKA
" HeKOTOpble nx npuioxkennd. Munck: Hayka n Texnuka, mbox1987. 688 c.
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OO0 omHO3HAYHOIT pa3peInnMOCTII HAadaJIbHO-I'PAHMIHOM
3a4a4n AJid 0000IMIeHHOro ypaBHeHs KoJjiebaHmii 0aJIK! B
MHOTOMEPHOM CJIydYae

I11.I Kacumos', I.Bosoposa’
L2 Hayuonanvrudi ynusepcumem Yabexucmana
shokiraka@mazil.ru

B nannoii pabore B obmacru I x (0,7, rme IT = (0,1)x, ..., x(0,1), a [, T
— 3aJIaHHbIE TOJIOKUTEIbHBIE UYHC/Ia, paccMaTpuBaercst 6ojiee oblnee ypaBHEHUe
BUIA

ot
Dl 1 +22 T Zb2 .

(y,t) € I x (O,t),p—l <a<p, 1< N < N, m,s,pGN, ¢ HAYAJIbLHBIMI

. a i .
lim u(y,t) = ¢i(y), i="1p (2)
t—+0

1 KpaeBbIMU

Muyn| g s 9*ul) oy
ay{Lk - Y ay4k+1 - Y ay{lk - Y ay4k+2 - Y
y;=0 y;=0 7o ly=l Y=l
k=0,m—1,j=1,Ny; (3)
a4k ( 7) — 0 a4k+1 (y’t) i O 84k+2u(y7t) 0 a4k+3u<yat) _ 0
oy =Y, 5y4k+1 =V T =V T =Y,
_ ly=0 ;=0 y;=l =l

k=0, s—1,j=N;,N

yesoBusiMu. JlokazaHa Teopema CyIIEeCTBOBAHUSI U €JIMHCTBEHHOCTH IOCTABJICH-
Hoit 3aja4un B Kjaaccax CoboJsieBa. Perienne paccmaTpuBaeMoil 3a/1a91 IOCTPOEHO
B BUJIE CYMMBI PsiJia [0 CUCTeMe COOCTBEHHBIX (PYHKITUIT MHOTOMEPHOI CIIEKTPaJIb-
HOIT 3a/a4u, JIJIsi KOTOPOIl HalijleHbl €€ COOCTBEHHbIE 3HAUYEHHSI KaK KOPHU TPaHC-
IIEHIEHTHOIO YPaBHEHHSI M IIOCTPOEHA COOTBETCTBYIOIIAsl CUCTEMa COOCTBEHHBIX
dyukmuii. [Tokazana, 4To 9Ta cucreMa cOOCTBEHHBIX (PYHKIMI SIBJISI€TCs MOJIHOM
n obpasyer 6asuc Pucca B npocrpancrBax CobosieBa. Ha ocHOBaHMU IIOJIHOTBI
CHUCTEMBI COOCTBEHHBIX (PYHKIMI ITOJIydYeHa TeopeMa €IUHCTBEHHOCTU PeIleHIs
[IOCTaBJICHHON HAaYaJIbHO-IPAHUYHON 3a/1a4M.

JIuteparypa

[1] Tuxonos A.H., Camapckuit A.A. Vpasuenust maremarnieckoii pusuku. 3-e uzia. M.: Hayka,
1977. 736 c.

[2] Caburos K.B. K reopnn nagaabno-rpaHr<HbIX 3a/a4 /I ypaBHeHus Kosebanuii bagkn //

Juddepennmansubie ypasuaenus. 2017. T.: 53. Ne5. C. 665-671.
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O moBegeHue pelreHunii cMeNIaHHON 3aJa49n JIJIs
MHOT'OMEPHOI'0 YPaBHEHUs TEILJIONPOBOIHOCTU

H.M.KomMmuioB
Andustcancruti 2ocydapcmeernvill yHusepcumem

Pacemotpiu B obiacti € C RY ypaBHeHne reriomnpoBotHocTn

u(z,t) = Au(z,t), z€Q, t>0 (1)
C HAYAJBHBIME U M'PAHIIHBIMI
u(@,0) = p(x), ulz,t) =0, x €00 )

yeaoBusimu. Perienne cmerannoii 3agadn (1)-(2) wumeem B Buye u(x,t) =

0}
S ne o, (x). Torma madasibHble yeaosus nepenniiercsa B Buje u(x,0) =
n=1

o0

> onvn(z) = @(x), tne {A\,},—; — cobcrBennble 3uauenns, {v,(x)} ~ | — co-

n=1

OTBETCTBYIOMINE COOCTBEHHbIE (DYHKIMUN 3a/1a4l HA COOCTBEHHDBIE 3HATEHUSI.
—Av(z) =Xv(z) npu = €Q u v(xr) =0 npuzr € 01, (3)

00
n=1

©n — KO3 unment Oypbe GyHKIMU () 110 cOOCTBEeHHBIM DyHKIHsIM { v, () }
onepatopa Jlammaca.

N
|2>\2Lo¢+ )

o0
Teopema 1. ITyems 0 < o < 1 uw pad > |on < 0o crodumes. Tozda

n=1

suinoanatomes caedyrouwan ouenka u(x,t) = p(z) + O(t*) npu t — +0.

Teopema 2. [ITycmv p(x)-kycouno-2aadkan dynryus. Ipednonosrcum, «mo
s kaorcdozo Komnaxma G C €2 pasromepno 6vinoanena coommowernus u(x,t) —
o(x) = o(t) nput — 40. Tozda dynryus p(x) Aasemes eapmoHudeckots @yrk-
yuets 6 obaacmu §2, m.e. Ap(x) =0, z € Q.

JIuteparypa

[1] Alimov Sh.A. On the eigenfunction expansion of a piecewise smooth function // Journal of
Fourier Analysis and Applications. Boston, 2003. Vol. 9, No 1. Pp. 67-76.
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CxoamMocTh NpuOJINKEHHOTO pellleHnsl OJHOI 3aJa4du
Macco-TerionepeHoca

A.3.MawmatoB, I'.2KymaboeB, M.ATaxaHoBa
Tawrenmerul urcmumym mexkcmuavbHotl U AE2K0T NPOMBIUUNAEHHOCTIU
mazd4@mail.ru

Paccmarpusaercst oJiHa Kpaesast 3aa9a, 1apaboInIecKoro THUIIA, ¢ epEeMEeHHbI-
MU KO(DPUIUEHTAMI I OLPeJIeICHUs] TEILI0-BIasKHOCTHOIO COCTOSHIS XJIOIKA-
cbiplia B bapabaHHbIX cymmikax [1]:

2
pg)_g — )\‘3%822(]— ﬁcpg—za:Toz(T —Tp(x)) +¢ pTQl%_ZaU
CmPgs = Amgpz + A0z — B(U — Up(x)) — Yenpy:
C HaYaJIbHBIMU

(1)

T(z,0) = To(z), U(x,0) = Up(x) (2)
U I'paHUYHBIMHA YCJIOBUAMUW TPETHEI'O POJda
oU oU oT oT
T =0, & =0, 2| =a(T-Tp), A =a(T-T
Ox =0 ’ Ox =l , ox =0 al( B)7 ox =l &1( C)

(3)
rae T, I'g, T — cOOTBETCTBEHHO TeMIlepaTypa XJIONKa ChIpIa, CyIINJILHOTO areHTa
(Bozmyxa) u BHemmHelt cpeibl; U, Up — COOTBETCTBEHHO BJIANOCOJICPIKAHIE XJIOTIKA,
CBhIPIA U BO3JyXa.

[Ipenaraercs cxema npubJmkeHHoro perenns 3ajgadn (1)-(3) meromom [a-
JIEpKIHA.

JIuteparypa

[1] JIbikos A.B. Temomaccoobmen cripaBounuk. M.: Dueprus, 1978.

[2] Muxsua C.I'. Yucnennast peanusaiusi BapuannoHHbix MeroioB. M.: Hayka, 1966.

KpaeBas 3aj1ada ¢ nuHTErpaJbHbIM yCJIOBUEM IJId
ypaBHeHus Jlamaca B Kpyre

[1I.T.Hummonosna
Depeancruti 20cydapcmeennvili yHusepcumem

Paccmorpum ypasnenne Jlammaca
L [u] = ugy +uyy =0 (1)
B objiactu §) = {(az, y) ot +yt < 1} 1 HCCJIEIyeM CJIeIy oIy 0 3a/1ady:
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Bagada. Haiitu nerpepoisnoe B obsactu §Q pemenne u (z,y) ypasnenns (1),
YJIOBJIETBOPSIIOIIEE YCIOBUIO

/u re,ry)dr+ f(z,y), (z,y) € o, (2)

re o = {(:C,y) ca? 4yt = 1}, f (z,y) — 3amanHas HenpepbiBHAsA (QYHKIINA Ha
o, k= const # 0.

C IIOMOIIbIO IIPpHHIOUIIa IKCTPEMYMa MO2KHO JOKa3aTb, CJIECAYIOIIYIO TCOPEMY:

Teopema 1. Fcau |k| < 1, mo nocmasaennan 3adava ne moocem umMemo
bosee 00H020 peweHuA.

Teopema 2. Eciu k| <1, f(x,y) € C?[0,2r] N C3(0,27) , fo (0) = fo (27),
£y (0) = f,(27), mo pad 6 Q, a padw. Vpp U Vi, NOAYUEHNHDIE US Heao duddiepen-
UUPOBAHUEM, CTOOAMCA a6comomHO u pasrHomepro 6 obaacmu V€2 C (1.

[Tosromy dyHkIms v (p, @), olpeieseHHast PAJI0oM, YA0BIETBOPSAET BCeM YCJI0-
susiM 3agaqm {(1), (2)}.

JIuteparypa

[1] Tuxonos A.H., Camapckuii A.A. Ypasuenus maremarudeckoii dpusuku. M.: Hayka. 1972.
724 c.

3aJlaum co CMeHnieHneM JJis OTHOTO BBIPOXKJIAIONIETrOCs
rurep00J/IM4ecKoro ypaBHeHUsI BTOPOT'O PoJia

A.B.OkboeB
Depzancruti 20cydapcmeeHHvll YHUBEPCUMEM,

Paccmorpum ypaBHeHUe
Loa(t) = gy + yuy, + au, — Nu =0, y <0, (1)

B KOHEYHOI OJHOCBA3HOI objaactu D, orpanmuennoii xapakrepuctukamu AC :
r—2y/—y=0, BC:x+2/—y=1u AB :y = 0 ypasuenus (1) nmpu y < 0,
ren=0,1,2,..ua=1/2—n,ne N,a\ € Rwm i\ € R.

B pabore [1| ayist ypasuenus (1) B obsactu D npu o« # —n, n =0, 1, 2, ...,
a # 1/2—n,n € N Obu1a cchopMyInpoBaHa 1 HCCICI0BAHA PSJT 3a7a9 CO CMe-
mennem. Hacrosimmast pabora siBJisteTcst pojio/izkennemM paborst [1| n ucciemyercs
anajorndnas 3agada npun =0, 1,2, ... ua=1/2—-n,n € N.

Bagada. Haittu perynsapuoe B obnactu D pemenue u(z,y) € C(D) ypasmne-
aust (1) npu o = 1/2 —n, n =0, 1, 2, ..., yI0BIeTBOPSIONIEe YCIOBUAM

u(z,0) = 7(x),Vx € [0, 1],
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a(z) Ag, { Do [u(00)]} +b () Ay { D™ [u (61)]} +

te () lim (—)* 2 |u [ — Ay, (7, A)] = f(z), Yz € (0,1),

y—0

rie 7(z), a(x),b(x), f(x) — 3amannbie GyHkIuN,

AL o @] = (@)~ J o 0 s [\ =B (e D) ar

n+1

1
_ (4y)
Ay o (TN) = Zk, ;1“/2 [e N Ea- 2 o)

1- 1-
DOxﬁ ub,, b orepaTopbl JPoOHOTrO JuddepeHITmpOBaHuS .
Teopema. Ecau evinoanaemcsa ycaosue

(1/4)"™ P a(x) + (1/4)"72(1 = 2)"b(z) + () /2 (2n)! e(x) # 0, = € [0,1],
7(z) € CCIN0,1); a(x), b(z), f(z) € C[0,1],
mo 3&(90/‘{,& UMEET 6(9UHC77”L6€HH06 pPewerHuUE.
JIuteparypa

[1] Ypuror A.K., Ox60eB A.B. Kpaesast 3a1aua Tuna A.M.Haxyiesa /711 0JIHOr0O BBIPOZK QKO-
IIErocst TUIIEPOOIMIECKOrO yPaBHEHUSI BTOPOro pojia. bionerens VHeTHTYTa MaTeMaTUKM,

Ned 2018, C. 36-45.

HekoTopbie KpaeBble 3aja9n g AnddepeHIimajabHOTO
ypaBHEHNH APOOHOIO IOPSAIKA

.J1.Opurnos

Depeancruli 20cydapcmeennvili yrusepcumem

Anajornano jauddepeHnuajibHbIM YPaBHEHIAM €00 HOPSAIKa U3J1yIaeTCs
zaj1ada Ko u KpaeBble 3ajia4u ji1st i depeHima bHbIX YpaBHEHU JPOOHOr0

nopsizika |1,2].
Paccmorpum jguddepennnalibable ypaBHeHNE APOOHOE TOPSIKA, BUIA,
Doy (x) =My (z) = f(z), 1<a<2, ze(ab), AeR (1)

snech f(x) — 3amannas dyHkiwms, a,b € R, —oco < a < b < +00.
Banada 1. Haiitu pemenne y (v) € C§_, [a,b] ypasnenus (1), ynosierBopsi-
FOITIEE YCIIOBHUSIM

ai lim {(az —a)" %y (a:)} + by lim [(33‘ —a) "y (a;‘)} = ki, (2)

T—a T—a
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azy (b) + bay' (b) = ko (3)
rie ay, ag, by, ba, ki, ke — 3allannble IecTBUTENbHBIE YnCIa, HpudeM as + b? # 0 u
a3 + b3 # 0,
Cg—a [a7 b] = {y (l’) € Cran [a7 b] . Dgxy (3:) € Cyryq [CL, b]} .

Teopema 1. Ecau f(z) € Cya,b](0<y<1), mo xpaesas 3adaua
{(1),(2),(3)} odnosnauno paspewuma, 2de

Cyla,b] = {y(z) : (x —a) y (z) € Cla,b]}.

Bamaga 2. Tpebyercst onpejenuts pertenne y () € C$  [a,b] ypaBHeHue
(1), yaoByieTBopsitoIiee yCJa0BUIM

a; lim [(x —a) "y (:c)} + by }jl—)né [(l’ —a) "y (:1:)} = ky, (4)

T—a

v =Y e [y(@)de s ke (5)

an
rjie a, by, Cn, O, B, k1, ko — 3a/1aHHbBIe JeCTBUTEIbHBIE YnCIa, TpIYeM aj+b3 # 0,
a<ap <1 <a<f<..<a,<pf,<bnéeN.

Teopema 2. Ecau f () € C, [a,b] (0 < v < 1), mo cywecmsyem eduncmeen-
noe pewenue 3adavwu {(1),(4), (5)}.

JIuteparypa

[1] Haxymes A.M. /IpoGHoe ucuucienue u ero npumenenue. -Mocksa: @usmariut, 2003.

[2] Kunbac A.A. Teopus u nprioxkenus nuddbepeHnnaabHbIX ypaBHEHHIT JIPOOGHOTO MOPSI/IKA.
-Camapa: 2009.

EanacTrBeHHOCTDh pellleHns BTOPOIl KpaeBoii 3aJa9m A1
oumnapabomyeckoro ypaBHeHHnsI B KBaJpaHTe

I11.A.Opumnos
Depzancruti 20cydapcmeeHHvill YHUBEPCUMEM,

Beegem obosnauenus = {(x,y) : x>0, y >0}, S =5 US,U{0}, S; =

{(z,y) ;2> 0, y=0}, Sy ={(z,y) 2 =0, y > 0}.
B obnactu ) 111 ypaBHEHUSA

o 2\
(5~ o) =0 =

nccyelyeM CJICYIONIYIO 3a/1ady.
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Bagaua A. B obsactu €2 Tpebyercs naiitu GyHkimio u (z,y) € C’;’:Zl/ (Q) N
Cy2 (), yaosnersopsomyo ypastennio (1), HadaIbHbIM
u(x,0) =1 (z),uy (x,0) = @2 (z),0 <2 < 400, (2)
I TPAHIIHBIM

yesoBusiM, tiie o1 (), @2 (z),v (y) n 0 (y) — 3apamnnble HempepouiBible (DYHKII,
IpUYeM IMeeT MeCTO cjieyoree yeaosue cornacoBanust ¢’y (0) = v (0) u 0 (0) =
2", (0).

Teopema. Ecau cywecmesyem pewenue 3adawu (1)-(3), mo ono eduncmeen-
no.

JIuteparypa

[1] Ypunor A.K. Kpaesbie 3aaun s auddepeHnuaibHbIX ypaBHeHnil 11apabomdecKoro T-
na. T.: MywmTos cys, 2015.

O pazpemmMocTi cMeNIaHHON 3aJa9n AJIsI OJHOI CUCTEMBI
COCTABHOI'O THUIIA

N.®.Cpaxaunon, 2K. /1. /IlexkoHoB
Aamarviwexuti puruan Tawrwenmerut 2ocydapemeennvili mexrnuveckut
YHUBEPCUMEM,

zy1aercs BOpoc 0 pa3pemmmMOCT CMEMAaHHO 3aa4un AJIsi CUCTEMbBI COCTaB-
HOI'O THUIIA

Utt + Vxx — a% V;ft - vxm =0U <1>

B umsmagpe 2 = {(z;t) : 0 <ax <[, t> 0}, c KpaeBbIME YCJOBUAME U HAYAJIb-
HBIME YCJIOBUSIMU

U(0,8) =V (0,8) = U (I,t) = V (I,) = 0, 2)
Uy (;0) = ¢ (2); V] (2;0) =T (), (3)

a 1 b oTIM4YHBIE OT HyJId 33JIaHHbIe JeliCTBUTE/ILHBIC YICIA.

Banaua. Haittu byuximmn U = U(x;t) u V = V(x;t) apistroruecst permeHnem
cucrembl (1) u ygosierBopstionue yeaoBusim (2) u (3).

JleTanbnblil anaans paboT HMOCBSIIEHHBIX CMEIIaHHOI 3a4ade JJIs ruIepOosIn-
YeCKUX U Hapabo/IMuecKnX YpaBHEHUil a TakzKe I0JAPOOHOe HCCIIC0BAHNE TAKUX
3aJ1a4 poBejieHo B |1]. Onpeesierne cucTeM COCTABHOTO TUITA U TIOCTAHOBKY Kpa-
eBbIX 33124 K HUM MOXKHO HaiTu B [2].

Ucnonbsyst metof [1] mostydeno perieHre B BUje psijioB.
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Jlutyparypa

[1] Wabun B.A. O paspemmMocTy CMEMAaHHbIX 389 JIJIs TUIEePOOJINIecKOro U mapabosimde-
CKOro ypaBHeHuil. Ycrexu maremarndeckux Hayk. T. XV, Boim. 2(92), 1960, C. 97-154.

[2] dxypaes A.JI. Meroj cuHTY/ISPHBIX HHTErpaIbHbIX ypasuenuii. M.: Hayka. 1987. 415 c.

Henokanbaast 3agada co cBOOOHOI rpaHuIieil Ajis
KBa3UJINHETHOro ypaBHeHNs Tudy3uu ¢ HeJamHeiiHbIM
IPAaHUYHBIM yCJIOBHEM

P.H.Typaes
Hruemumym mamemamuru AH PY3 umenu B.H. Pomanosckozo
rasul. turaev@mazil.ru

Hacrosiee BpeMsi B cCOBpeMeHHOi HayKe Hab/II01aeTCesl OBLIIIEHHbIH HHTepec
K IPOIECCaM, IIPOUCXOJAIINM B HEIMHEHHBIX CPeIax, KOTOPLIX MOYKHO YKa3aThb
3441 THIPO — U Fa30ANHAMUKY, (DUBUKY [LJIA3MbI, TECOPUN XUMUIECKUX PEAKIHI
u sip [1,2].

B ¢BaA3K ¢ OCTAHOBKOI HOBBLIX 33184 BO3HUKAET HEOOXOIMMOCTHL paspaboTKu
HOBBIX IMOAXOJ0B B MCCJICIOBAHNN HEJIMHEHHBIX 3a/ad MaTeMATHIeCKOl (hpusmnkm,
PEIIAIONUXCS ¢ MOMOMILIO MATEMATUICCKUX MOJIEJCH MPOIEeCcCOB B HEJIMHEHHBIX
cpenax [1,2]. IIpu 9T0M MHOIHE U3 YKa3aHHBIX 3819 IPUBOJISITCA K KPAEBbIM 3a-
JadaM co cBOOOIHOI IpaHuIIeil TOKAIbLHBIX 1 HeJIOKAIbLHBIX 34444 JIJIs Pa3JInIHbIX
rapabosinaecKnx ypasuenuii [3,4].

B macrogmeii pabore paccMaTpuBaeTcst HeJIOKAJIbHAs 3ajada co CBOOOIHO
rpanuneit Tuia PopuHa I KBA3WIKHEHHOIO 11apabOoIMuecKOro ypapHeHus ¢
HEJTMHEHHBIMI IPAHTIHBIMUA YCIOBHSIMII.

Tpebyerca naittn Ha HekoropoMm otpeske 0 < ¢ < T HenpepwIBHO audde-
perrpyemyto dyuxmio s(t), takyio, aro s(0) = so > 0, 0 < $(t) < N, s(t) -
yaoByeTBopsieT yesaosnio Lenbiepa, a dyaxiws u(t, z) B obractu D = {(t,z) :
0<t<T, 0<x<s(t)} yrosiersopsier ypaBHEHUIO

up(t, 2) = a(ug)ug(t, x) + bui(t,z), (t,r) € D, (1)
¥ CJIEJIYIOIUM HAYAIBHBIM 1 TPAHUYHBIM YCJIOBUSAM
u(0,z) = p(x), 0<x < s, (2)
uy(t,0) = ¥(t, u(t,0)), 0<t<T, (3)
au(t,0) = u(t,s(t)), 0<t<T, (4)
ux(t,s(t)) =w(t), 0<t<T. (5)
Uceneosanne nposoguTest 1o ciaeayoreii cxeme. CHauasa 3a/1a9a CBOJIUTCS

turia 3aj1ada Credana n JOKa3bIBaeTCA UX SKBUBaAJIEHTHOCTD. [laJjiee, ycraHaBim-
BaeTCs AllPUOPHBIE OIEHKHN CBOOOJIHON I'DAHUIEH U pPelIeHuil 1 UX IIPOM3BOHBIX
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B HopM lenbjiepa. Ha ocHoBe yCTaHOBJIEHHBIX OICHOK MCCJIC/LyeTCsl IIOBEeCHUe
CBOOOJIHOI TPaHUIBl B PACCMATPUBACMOM NPOMEZKYTKE BPEMEHH, JOKA3bIBACTCS
eJIMHCTBEHHOCTH PEIICHHs IepBOHAaYaILHO 3a1aun. I B nTore n0KaspiBaeTcs Cy-
IIECTBOBAHME PEIIeHUsl [OJIyYeHHON 1 [epBOHAYAILHON 3818491 [IPU TOMOIIU Me-
TosioM HenoBiKHOM Toukn [Tlaynepa [4].

JIuteparypa

[1] Kpyxkos C. H. Hesnneiinbie mapabondeckue ypaBHEHUs ¢ JIByMsi HE3aBUCUMBIMU IIEpe-
menubiMu // Tpyasr Mock. Marem. obmsa, 1967, T. 16, C. 329-346.

[2] Camapckuii A.A., Babumesua I1.H. Borauciaurensuas remnonepegada. M.: Exauropuadr,

YPCC, 2003, 784 c.

[3] Taxupos 2K.O. Hekyaccuueckue HeJqMHEHHBIE 33/a4U U 3aJI@9K CO CBOOOJHON IpaHUIIEH.
TamkenT, 2014. 240 c.

[4] Cannon J.R., Salman M. On a class of nonlinear nonclassical parabolic equation.
J.Applicable Analysis. Vol. 85, No.1-3, 2006. pp. 23-44.

JlokazaTeJabCTBO e JUHCTBEHHOCTU OOOOMIEHHOI'0 PeIleHns

CMEINEeHHOI 3aJIaun nNapadoIMIecKOro TUIa
M.Tyxracunos!, I.M.A6xyoaumosa’
Y Havuonanronwti yrusepcumem Yabexucmana umenu M. Yayebexa
2 Anduorcarickuti 20cydapemeenniti yrusepcumen
mumind1@mail.ru, abduolimova81@inbox.ru

B nanmoit pabore paccMoTpeHa TPeThs KpaeBas 3ajada MapaboJndecKoro
ypaBHEeHHsT BTOPOro mnopsi/ika. Ilocse 3ammen ypasnenust B Bijie HHTErpaja BBO-
JSITCST OHSITHST 0OOBIIEHHOTO PEIIeHNs, € TMHCTBEHHOCTh KOTOPOT'O JTOKA3bIBACTCS
00OOIIEeHneM COOTBETCTBY oM mien u3 Kaurn [1].

Paccmorpum cieyronyio 3aj1ady

0
a—?+Lu:f(x,t),x€Q,t>0, (1)
u(z,0) =up(z),z €9, (2)
Pu = p(z,t),x € 0Q,t >0, (3)
rie f(xz,t),up(z) u pu(x,t) sagannasie Gynkium, a oneparopbl L, P ompe-
jestenbl citejtyromum obpasom: Lu = Y. A (aij (x) %) +a(x)u, © € Q,

Q=1 " !

Pu = Y aj(z) 2 cos(n,z;) + h(z)u, x € OQ npuueMm uepsblil onepa-

ij=1
TOp TOJIOZKUTEJIBHO OIpeIesenibiii. B mpocrpancrse R 0003HAYUM I[UJIIHJID
Qr ={(z,t) ;2 €Q, 0 <t <T},snecy T — BBICOTA TINIUHJIPA.

n+1)
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[Iycrs u(z, t) kinaccudeckoe pererne 3a1aau (1)-(3), cyimecTBoBaHme KOTOPO-
r0 YCTAHOBJIEHO KAKMM-JIHOO CIIOCOOOM MPU COOTBETCTBYIOMINX MPE/ITOIOKEHISIX
OTHOCHUTEIHLHO BCEX JIaHHBIX 3aaun. Torya nmeem

//U(g—?nLLu—f(x,t))da:dt:O,TZO, (4)
00

a1t moboit dbynknun v(x,t) ¢ yeaosueMm vl|,_p = 0.
NurerpupoBanneM 1o dactsm u3 (4) nmeem

/v(w T)u(x, T da:—l—// (—u— . ajj (x)g—zggl +a(x) uv) dxdt+

' (5)

+//h( ) uvdSdt = //uvdxdt+/uo() :cOd:l:—l—//fvd:z:dt
0 90 0 0

Onpenenenue. O6o6meHHblM peleHneM HadaJIbHO — KpaeBoit 3a1adu (1)-(3)
naspBaercs byuius u (z,t) € Wy (Q x (0, 7)) yaoBIeTBopsuomas TOXKIECTBY
(5) mpn mobeIx v (z,t) € Wy (A% (0,T) u0 <7 <T.

Teopema. Hauarvno-kpaesas 3adava (1)-(3) ne mooicem umems 6osee 00ro-
20 0000ULEHH020 PEULELHUA.

JIuteparypa

[1] Muxaitios B.I1. /Iuddepennuanbablie ypaBHeHusl B 4acTHBIX npon3Bojanbix. M:. Hayxka

1976.

KpaeBag 3aja4da J1jid ypaBHEeHUsS Y€TBEPTOTO MOPSAKaA C
CUHTYJISPHBIM KO3 punmeHTom B IPAMOYTOJbHUKE

A.K.¥Ypunos, M.C.A3u30B
Depeancruti 20cydapcmeeHHbTl YHUBEPCUMEM,

B npsmoyroseauke Q0 = {(x,t): 0 <z <p, 0 <t < T} paccmorpum ciey-
IOIYI0 CMEINAaHHYIO 3aady /IS YPaBHEHMs]

2
Luzumm—kutt—kgut:f(x,t), 0<y<1/2. (1)

Bagaga A;. Haiitu B obactu ) perymsiproe perenne u (z,t) ypasaenns (1),
VJIOBJICTBOPSIOIIEE CJICLYIONUM HAYAJbHBIM U KPACBLIM YCJIOBUAM

u(r,0)=p1(z), 0<z<p; w(@T)=¢ (), 0<z<p
uz (0,8) =0, uy (p,t) =0, Upyy (0,8) =0, Uper (p,1) =0, 0<t T,
rie f(z,t), ¢1(x) u @y (x) — 3amannbe QyHKIWN.
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Teopema 1. [Iycmo wucaa p u T maxue, umo dasa ¥ n =1,2...

Jijp— ((nm/p )'T) #0,

ede Jy, (2) — dpynruyua Becceas nepsozo poda nopadka w [1]. Ecau cywecmeyem
pezyasproe pewenue 3adavu Ay, mo 0Ho eQuHCMEeHHO.

Teopema 2. Ecau f(2,t) € Cp3 (Q), fowwas (x.8) € C(Q) N Ly(Q),

fx5(07t) = fg: (1) =0, fara (0,8) = fawa (p,1) =0 w1 (2), @2(x) € CH[0,p],
o) (1), @5 (x) € C(0.p) N L2(0,p), 91’ (0) = @ (p) = 0. ' (0) = ¢ (p) =
0, ©"5(0) = ¢"5 (p) = 0, mo peeyasproe pewenue 3adawu Ay cywecmsyem.

Jluteparypa

[1] Barcon 2K.H. Teopust 6eccenesrix dyuximit. Tom. 1. M.: Uz, WUJI, 1949. 798 c.

Moanduimuposantag 3aga4da Komm ajis ogHOTO
rurepo0JIn9ecKoro ypaBHEeHHS BTOPOI'O PoIa

ILI.dapmoHoB
Depeancruti 20cydapcmeermvlil Ynusepcumem

[lyers 2~ xomeunast ojnocsasnag — obmacth  miockocrn — z0y,
orpannyennas  orpeskamn  OA = {(z,y) :y=0,0<2x <1},
OB = {(z,y) :2+y=0,0<x <1} wu gayroit BA =

{(:c,y) Vr+/—y=1,y<0, i <x< 1}. B obstactu €2 paccMoTpuM ypaBHe-
Hue

TUpy + YUy + (—n+1/2) up+ (—n+1/2 ) u, =0, n=0,1,2,.... (1)

Ormernm, uto ypashenue (1) NpuHAIIEKUT TUNEPOOJNICCKOMY THUILY, TIPH-
dem oTpe3ok O A xapakTeprCTHKON ypaBHeHust (1), KOTopast K TeMy Ke sIBJISeTCs
JIMHUEH BBLIPOXKICHHs THIA. PelIeHnn cIeaylomnas 3a1a9a;
waiitn dyuknuo u (z,y) € C (ﬁ), VJOBJIETBOPSIOILYIO B objacTu () ypaBHEHUIO
(1) u HAYATBHBIM YCJIOBUSIM

u(z,0)=71(z), 0<z<1;

Jim (=) " u— A, = v(@), 0<a <L, (2)

rie 7 (x) u v (z) — 3agannbe HYHKINH,

A() =3 Pasl=ap)” 10 (2 =y — 2v=am) + (-1 (2 — y + 2v=2p) |,

sech P = 2% Inl (2n — k)/[(2n)! k! (n — k)] .
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Bajiaua perraeTcss MeTOJIOM CBeJleHns K ypaBHeHuo Jiiyiepa-llyaccona-/lapoy
11, 2].

Jluteparypa

[1] Kpukynos FO.M. KpaeBble 3a/1aun /11 MOJIEIBHBIX yPABHEHUIT CMENTAHHOTO TUIIa. Y 9ebHOe
nocobue. Kazanb: Nznarenscrso Kazanckoro ynusepcurera. 1986. 148 c.

[2] Xaiipymmun P.C. K Teopuu ypashenus Ditnepa-Ilyaccona-/lapoy // Uss. Bysos. Kasanb,
1993. Ne11(378). C. 69-76.

O zagadye Kommn ajisg ypaBHeHus Jlamiaca

A.Bb.XacaunoB, @.P.TypcyHoB
Camaprandcrutl 2ocydapcmeennvili YHUBEPCUMEN,

[Iycts © = (21,22) u y = (Y1, Y2) TOUKN AByMEpPHOTO EBKIII0BOrO pOCTpaH-
crBa R?, G orpanmuennas onHOCBA3HasA 06acTh B R? ¢ rpannmeit OG, cocTos-
medt n3 kommnaktHoit yactu T = {y; € R: a; < y; < b1} u niajxoit iyru KpuBoi
S 1 yy = h(yy) nexkameit B noymaockoetn i > 0. G = GUOG, 090G = SUT,
d/dn — oneparop jauddepeHupoBaHus 110 BHENHel HopMman K 0G.

Permenne 3ajaun Komum Oyaem crpouth B objactu (G, Korjga Janabie Komn
3aJIaHbl HA JaCTU TPAHUIEL S.

B obnactu G paccmorpum ypashenne Jlamraca

0*U N o’U

oyi =~ Oy3

Tpebyercsa maittn rapmonmdeckyto dynknmo U(y) = U(yy,y2) € C*(G) N
C1(G), y Koroporo ussecTHbl 3HaYeHUs Ha dacT S rpanuibl OG, T.e

0. (1)

U (y)
on |g

Uy)ls = f(y), = g(y). (2)

3nech f(y)n g(y) zanannbie Gynxun kiaacca C(S) n CH(S) coorsercTBenHo,

Paccmarpusaemast 3agada (1)-(2) oTHoCHTCS K HEKOPPEKTHBIM  3aJladaM
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Confidence Intervals for Concentration Parameter in Von
Mises Distribution for Circular Data

Abdul Ghapor Hussin
National Defence University of Malaysia

Directional statistics is a branch of statistics which deal with the data in
angle form in which the method of analysis is different from linear data. For
example, the distribution analogues to the normal distribution in linear data
is known as circular normal distribution. This study focuses on the efficient
approximation for the concentration parameter in von Mises distribution and its
confidence interval. A new method of approximating the concentration parameter
is proposed, and the performance of the proposed method is studied via simulation
study. Several methods in constructing the confidence interval (CI) for the
concentration parameter are proposed including CI based on circular population,
CI based on the asymptotic distribution of concentration parameter, CI based
on the distribution of mean resultant length and also CI based on bootstrap-
t method. All proposed methods are validated via simulation study and the
performance indicator such as an expected length and its coverage probability
are evaluated.

The Progressive Susceptible-Infected-Detected-Removed
Model of Internet Worm Propagation

F.T.Adilova, U.U.Jamilov
Institute of Mathematics, Tashkent, Uzbekistan
fatadilova@gmail. com, jamilovu@yandex.com

In recent years, the worms and their ability to infect has increased a lot.
In order to know them we have to look into their propagation patterns. An
accurate model with proper analysis can help us to comprehensively study how
a worm propagates under various conditions. Computer worms look similar to
biological viruses in their propagation behaviors and self-replication. Thus, the
mathematical models developed for the study of biological infectious diseases can
be adapted to the study of computer worm propagation. Many attempts have
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been made in this domain to model the worm propagation behavior, such as
PSIRD. In this paper we develop the discrete time dynamical system of network
worm propagation, presented in quadratic stochastic operators (QSO) form of
PSIRD models. This approach simultaneously solves two important problems: (i)
exploring of the QSO trajectory’s behavior, we described the set of limit points,
thereby completely solved the main problem of worm propagation modelling,
(ii) we show a new application of the theory QSOs. Thus proposed biologically-
inspired model represents a more realistic picture of the worm propagation process,
compared to the existing state-of-the-art analytical models.

The Progressive Susceptible-Infected-Detected-Removed (PSIDR) model: In
the PSIDR model, it is assumed that epidemic events are divided into two periods.

The pre-response period. Initially, the worm infects one host on the network.
For several days (hours), the worm spreads over the network without being noticed
by most users. In terms of the PSIDR model, this phase is characterized by a
positive infection rate (worm birth) 5 without cure attempts. Vulnerable nodes
become infected with a probability of 3 if they are in contact with an infected
node.

The response period. After a period of time, the worm is detected on some
hosts. Its signatures are highlighted and entered into the anti-virus software
database. Uninfected nodes become immune to this worm, and infected hosts
are “cured” with a certain frequency, depending on the update rate of the anti-
virus database. This period in the model under consideration is characterized by
the same frequency of birth of the worm, but vulnerable nodes are cured with the
frequency u, and already infected nodes are detected with the frequency p and
cured with the frequency 6. The parameter p essentially characterizes the speed
at which the update of the anti-virus database spreads after the initial detection
of the worm.

Thus, the PSIDR model assumes that the epidemic can be divided into two
periods and it is assumed that the number of nodes in the network N is constant.
When 0 < ¢t < 7 it is must be S (t) + I (t) = N. The system is described by the
following equations.

ds dl
When t > 7 it is must be S (t) + I (t) + D (t) + R(t) = N. The system is
described by the following equations:
dS dal dD dR
— = I — — = I—pl, —=pl—-6D, —=0D :

Note that in [1] the continuous time dynamical systems generated by operator (1),
(2) studied in details. We consider the discrete time versions of PSIRD models
generated by a quadratic stochastic operators acting in the three-dimensional
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simplex into itself.
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On Mathematical Models Described by the Nonlinear
Parabolic Equation with Variable Density and Absorption
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Many processes in applied sciences are modeled by means of nonlinear ordinary
equations, partial differential equations or systems of such equations. When
suitable additional conditions are given — usually initial and boundary conditions
— we deal with correctly posed problems. Many of the most important models
in science, in practice, are generally described by nonlinear equations and partial
differential systems. These equations have properties that are absent in linear
theory and therefore make them quite difficult to solve and analyze. In addition,
these nonlinear properties are often associated with essential features of real-world
phenomena; linear approximation is only a first-step procedure to prepare for more
realistic nonlinear analysis.

Nonlinear mathematical models are source of new phenomena and this
motivated the introduction of new methods in the fields of mathematical analysis,
partial differential equations and other disciplines, becoming the most active area
of mathematical research since the last century. One of the most remarkable
properties that distinguish nonlinear problems from linear ones is the possibility
of singularities arising, even in the presence of perfectly smooth data, or more
precisely, in a data class for which the theory of existence, uniqueness, and
continuous dependence can be established in small time intervals, the so-called
problems with well-posed in small.

Consider in the domain Qr = {(t, r):0<t<T, x€ RN} problem Cauchy
for double nonlinear equation (DNLE)

0 _
o 15 =V (| Va7V ) 4 ey (t)]af e,
e==+1, u(0,2)=uy(z), ve R (1)

where m > 1, p > 2, k > 1,n, g are given numerical parameters.
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The motivation for considering such equation is that it is a degenerate partial
differential equation and therefore is a source for the emergence of new nonlinear
effects such as finite velocity propagation of perturbation, a spatial localization of
bounded and unbounded solutions to the emergence of which were first established
in the works [1] for the particular value of the numerical parameters when [ = 0,
q=0, k=1 p=2.

Equation (1) in the case p=2 is called porous media equation to which is
devoted to a huge number of works (see for example [2|) and references therein).

In the case when &k = 1, m = 1 is called the p-Laplacian equations| and the
literature therein). In the case k = m it called L,(u™) Laplace equation. The
equation (1) in the case k(p —2) +m — 1 > 0 is called slowly diffusion and when
k(p—2) +m — 1 < 0 it called the fast diffusion equation. Case is critical and
k(p—2)+m—1=0,1=2 we call adouble critical case.

In this talk the qualitative properties of solution of the problem (1) depending
on value of numerical parameters and initial data are considered. Estimates of a
weak solution for the slowly diffusion, the fast diffusion, the critical and double
critical cases, asymptotic of self-similar solutions, the numerical aspects considered
problem are discussed.
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Reliability and Accuracy of NX16 3D Body Scanner
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1. Introduction. Minimizing measurement error is of utmost importance
to both manual and 3D anthropometry approaches. Anthropometric data are
commonly collected manually using callipers and measuring tapes (traditional
anthropometry), providing information on the static dimensions of the body in
a standard position. This kind of measurement may be impractical because the
observer needs to be carefully trained, the results may vary in accordance with
the observer’s skill level and measurement protocol, and the procedure may take
longer. In contrast, when using 3D body scanning, raw data acquisition is rapid
(in seconds) (Zancarano et al., 2015). An automated 3D body scanner could
potentially enhance the reliability of these anthropometric measurements since
the reproducibility of manual measurements of waist and hip circumferences has
been questioned (Medina-Inojosa et al., 2016).

2. Material and Methods. A pilot study was conducted among 30
participants to obtain their waist and hip circumference using manual and
automated measurement. Each participant was subsequently scanned and
manually measured twice. There were two ways in which reliability was
determined. The first was via analysis using the Intraclass Correlation Coefficient
(ICC). Correlation coefficient was used to demonstrate the strength of the
relationship between two repeated measurements. The range values for reliability
coefficient start from 0 to 1. A coefficient of below 0 shows “no reliability”, while >0
to <0.2 is slight reliability, 0.2 to <0.4 is fair reliability, 0.4 to <0.6 is moderate,
0.6 to <0.8 is substantial and 0.8 to 1.0 is almost perfect reliability (Jamaiyah
et al., 2010). The second method was using the Bland Altman plot to provide
an illustration of the spread of differences in readings, the mean difference, and
the upper and lower limit of agreement for intra-observer reliability. In Bland-
Altman plots, there is no such ‘acceptable’ range (Jamaiyah et al., 2010). The
technical error of measurement (TEM), which is an accuracy index, was also
calculated to determine the error margin in anthropometry. The TEM index allows
anthropometrists to verify the accuracy degree when performing and repeating
anthropometrical measurements. Relative TEM using <1.5% as the acceptable
ranges for beginner anthropometrist levels for an intra-examiner is (Jamaiyah et
al. 2010). TEM was calculated using following formula:

> D?
TEM =
2N
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D=difference between the 1st and 2nd measurements, N=number of participants.

3. Results. The results of correlation coefficient of intra-observer analysis
using [CC are 0.970 for WC and HC was 0.980, which means a strong correlation
between two repeated measurement of WC and HC that obtained through
3D body scanner. This indicates a high degree of reliability between the
measurements. For visual inspection of WC measurement using the 3D body
scanner, Figure 4.1 shows that the average mean differences across all values
of reading were 0.21 cm with upper limit of +1.2cm and lower limit of -0.8cm. For
WC taken using MM, the average mean value is 0.17 with upper limit +0.9 and
lower limit -1.2cm. For HC, the average was -0.0067 cm, with an upper limit of
+0.9 cm and lower limit of -0.9 cm. In contrast, HC taken using MM shows more
variation, in which the average mean was 0.07, the upper limit was +1.4cm, and
the lower limit was -1.3cm.

The Bland-Altman plot (Figure 1) also shows a high agreement for intra-
observer of each measurement in which all values in the diagram were within
upper and lower boundaries. It can clearly be seen that both Bland-Altman plots
for waist and hip circumference in automated measurement showed less deviation
from the average mean value. The points were scattered close to zero, which
was consistent with [CC analysis of almost perfect agreement. As a summary,
based on the repeated measurement of WC and HC, all ICC values were >0.97
which indicates strong reliability. The ICC value suggests that the NX16 3D body
scanner has relatively high internal consistency and thus represents a reliable tool
for assessing human body dimensions.

The results for TEM are tabulated in Table 1. For automated measurement,
the relative TEMs for intra-observer for WC and HC were 0.29¢ and 0.1%,
respectively. As for manual measurement, the relative TEMs value of WC and
HC were slightly similar for WC while HC slightly higher. Further analysis
was conducted to determine the precision of the 3D body scanner compared to
manual measurement. The CV is calculated to further determine the precision
of both of the measurements methods. Variability of readings were minimal for
automated measurement. Percentages of CV for automated measurement of WC
and HC are 0.129 and 0.09% , respectively, indicating good precision. For manual
measurements of WC and HC at 0.18% and 0.12% , respectively (See Table 1).
AM produced slightly less value compared to MM, indicating the higher accuracy
of the 3D body scanner in extracting measurement.

Figure 1: Bland-Altman Plots illustrating WC and HC as measured manually
versus using the 3D-scanner for the entire participants studied. Notes: AM
represent automated measurement; MM, manual measurement; WC, waist
circumference and HC, hip circumference.
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Intra-observer WC variability

3D body scanner variability of WC
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Table 1: Relative TEM classification results and Percentage of Coefficient of
Variation for WC and HC measurements.

Type of measurements TEM | %TEM | CV (%)

Waist Cireumference Automated Measurement | 0.148 | 0.2 0.12
Manual Measurement 0.150 | 0.2 0.18

Hip Circumference Automated Measurement | 0.103 | 0.1 0.09
Manual Measurement 0.228 1 0.3 0.12
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A standard refers to a value serves as boundaries between those who
performing well enough and those who do not, in a test [1|. Meanwhile, standard
setting is the process of establishing one cut score (such as pass / fail) or more
cut scores (such as excellent, good, mediocre, weak) on a test, on the other word
is defined levels of achievement or proficiency and the cut scores corresponding to
those levels 2], [3].

There are two types of standard setting; relative (norm-referenced) and
absolute (criterion-referenced). Relative standard identify the standardization
based on the group results. Performance are compared between students score
distribution of the whole examine group and normally use in low-stakes
examinations while absolute standard emphasizes the content of the test. The
standardization is based on the learning materials and use in high-stakes
examination such as final examination or graduating examination.

There are various methods of standard setting in students assessment (such
as Angoff, Nedelsky, Ebel, Bookmark and Objective Standard Setting) and the
decision to use the method are based on the purposed of the examination. There
is no perfect method to determine cut score on a test and none is agreed upon as
the best method. These methods of course have advantages and disadvantages
depending on their specific purpose. Different methods are recommended for
different nature and test format. Even we use the same method by different group
of panellists, the results of cut score also be different [6]. Norcini [1]| stated that
most previous studies describe that there are six (6) steps in the standard setting
process using four (4) of the more popular methods. The steps are;

Step 1: decide on the type of standard
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Step 2: decide on the method for standard setting
Step 3: selecting the judges

Step 4: holding the standard setting meeting

Step 5: calculating the standard

Step 6: after the test Analysis
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A Discrete Mathematical Model of the Heat Transfer
Process in the Three-Layer Rotating Regenerative Air
Preheater

M.A.Bekimov
L Uzbekistan Academy of Science, Institute of Mathematics
mansu@mail.ru

A rotary regenerative air preheater (RRAP) is a special device, usually
aggregated to the thermal power plants in order to increase its efficiency by heating
the air blowing into a boiler of the plant by means of high temperatured mixture
of smoke and gas. This process is too complicated to be modeled by differential
equations of classical types [1].

In [2, 3] was proposed a new approach to the mathematical modeling of the
thermodynamic process in RRAP, based on the discretization of both the drum
volume and its rotation, followed by averaging over spatial and temporal variables.

In [4] was proposed a two-layer mathematical model of the heat transfer
process in the RRAP, which allows one to take into account mixing in a small
amount of gas with air and air with gas at the interface between the gas and air
parts of the drum.

In this paper, a mathematical model of a three-layer RRAP is considered. The
drum of the RRAP is divided into 2m sectors. It is assumed that at each moment
of time, m — 1 sectors are included in the gas path and another m — 1 sectors are
in the air path, 2 sectors are disconnected and overlapped by sealing plates at the
boundary of the gas and air parts of the drum RRAP. Based on the discretization
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method, suggested in [2-4|, the model is described by the following systems of
linear discrete equations:

z(n+1) = Az(n) +r(n),
where the vector z(n) = (x1(n), x2(n), ..., x2,(n))! — average temperature of
the packings of RRAP while the vector

r(n) = h(Biq1(n), B2ga(n), ..., [32mQ2m(n))T,
(T the transpose sign) denotes temperatures of the air and gas flowing across
condinitional sectors of RRAP. Rotations of the drum of RRAP yields that the
matrix A is monomial. This property allows to solve problems of the asymptotic
behavior of the solutions and identification. The model is convenient to investigate
control problem as well.
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In this paper, the problem of steady slip magneto hydrodynamic (MHD)
boundary layer flow and heat transfer over a nonlinear shrinking surface in a heat
generating fluid is studied. The transformed boundary layer equations are then
solved numerically using the shooting method. Numerical results are obtained
for various values of the magnetic parameter, the slip parameter and the suction
parameter. The skin friction coefficients, the heat transfer coefficients, the velocity
and temperature profiles for various values of parameters are also obtained and
discussed.

Discrete Mathematical Model of Heat Distribution in the
Tube
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Let a gas with an initial temperature of a, and velocity of v flows inside a
tube having a length of L and an initial temperature of b. In this paper, discrete
mathematical model of variations of gas and tube temperature is constructed and
general solution of the constructed model is obtained.

To construct a discrete mathematical model, the tube is divided into m equal
parts and the temperature of gas and tube at discrete time ¢,, = nh in each ¢-part
denoted by z; (n) and y; (n) respectively. Here h is a step of time discretization.
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Using Newton’s law, the above problem can be modelled as follows:

Zna1 = A 2y, (1)
where, z, = (z2(n), z3(n), ..., Tm(n), y1(n), y2(n), ..., ym(n))’" € R2m1,
A= |38 a0t b a—ah B =1—-8h B = Bhand B
_BDBE’&_ ah, & = ah, B = Bh, 3 = PBh an
m—1)x(m—-1),C-(m—1)xm, D—mx (m—1) matrices, £ — m x m
unique matrix.

It should be noted that, due to constant temperature of gas at the entrance
to the tube (it is equal to a) during the heat exchange, i.e. in the 1st part of the
tube, is not included to the model (1).

[t is obvious that general solution of the system (1) can be written in the form:

2, = A" 2. (2)

For the power of matrix A the following formula is valid

A | @BPYL(B)+BQLTY(B)  aCP) < ) + ﬁ@g f (©)
&BR™D(B)+ GDSUD(B)  aCRIV(C) + 30 D(C)
m—2 m—
where, P", = Y plMBF QU = 2 ¢""VBFB" = D s =
k=1 k=1

m—2

k+1 C’k C? = E and p,(C ), q,i ),r,g ), sé”) — are polynomials of &, &, f3,

k=1

W
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Let 7 = M for a € {0,1} is Frobenius map from the set £, (F{am)) to
itself for a point (z,y) on Koblitz curves E,. Let P and ) be two points on this
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curves. 7 adic non-adjacent form (TNAF) of o an element of the ring Z (7) = {a =
c+dr|e,d € Z} is an expansion where the digits are generated by successively
dividing a by 7, allowing remainders of —1,0 or 1. The implementation of
TNAF as the multiplier of scalar multiplication nP = () is one of the technique
in elliptical curve cryptography. In this paper, we find some formulas for

TNAF that have specific patterns [¢, 0, ...,0,¢_1], [0, 0, ... i1y, 0,00 ],
[0, Cly - .., CZ—l]) [—1, Cly - .., Cl—l]; [1, C1y ..., Cl—l] and [0, O, 0, C3,C4y..., Cl—l]
o 2 Lyt i .
when applying 7" = 7 — 257(;,_1) + 5,7 for s, = 231 T H (m—7).
1= j=i

Elliptic Curve Cryptography (ECC) was discovered by Neal Koblitz in the year
1985 [1]. The ECC schemes are public key mechanisms where scalar multiplication
(SM) is the dominant operation of ECC. SM is the operation which involving
computing integer for multiple times for an integer n and a point P on elliptic
curve. While, the Koblitz curves are a special type of curves for which the
Frobenius endomorphism can be used for improving the performance of computing
an elliptic scalar multiplication [2|. It is defined over Fym as

E, -y +ay=a2>4ar’+1
where a an element of 0,1 and P = (x,y) on the curve [1|. The Frobenius map
T:E, (Fgm) — FE, (Fgm)
is defined by
T(x,y) = (:1:2,y2) , T(00) =00

where oo is the point at infinity. The imaginary quadratic number 7 = VT

2
satisfies the relation 72 —t7+2 = 0 where t = ( —1)1”. Figure 1 is an illustration

of the SM in this set (refer [3,4,5]) but in this paper, we are implementing the
secret key n = 7 in the form of TNAF.
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The modified complex variable function method with the continuity conditions
of the resultant force and displacement function are used to formulate the
hyper singular integral equations (HSIEs) for multiple cracks problems in bonded
dissimilar materials. Whereas for the thermally insulated cracks problems, the
continuity condition of heat conduction function is utilized to formulate the
HSIEs. The unknown crack opening displacement (COD) function is mapped
into the square root singularity function using the curved length coordinate
method. Then the appropriate quadrature formulas are used to solve the obtained
equations numerically, with the traction along the crack as the right hand term.
The obtained COD is then used to compute the stress intensity factors (SIF) which
control the stability behavior of bodies or materials containing cracks or flaws.
Numerical results of the nondimensional SIF at all the cracks tips are presented.
It is observed that the nondimensional SIF at the cracks tips depend on the elastic
constants ratio, the crack geometries, the distance between each cracks and the
distance between the crack and the boundary. Whereas for thermally insulated
cracks, the nondimensional SIF at the cracks tips depend on the heat conductivity
ratio and the thermal expansion coefficients ratio.
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Figurate numbers are positive numbers that can be represented by geometric
patterns as regular geometrical arrangement of equally spaced points. A plane
figurate numbers are also called polygonal numbers. They are defined as positive
integers that can be represented by regular polygons in a systematic fashion. The
most common types of polygonal numbers are the triangular numbers, square
numbers and pentagonal numbers.

Let A = (A1, Ag, ..., Apy) be a partition of k. That is A\, A, ..., A\, are integers
satisfying \y > Ao > ... > Ay, > 0and A\ + Ao+ ... + A\, = k. We denote sy (n)
as the number of representations of an integer n as a sum of squares induced by
A and ty (n) denote the number of representations of an integer n as a sum of
triangular number induced by A. In other words, sy (n) is the number of solutions
in integers of the equation

MTT 4+ Xox3 + ..+ At = .
and ¢y (n) is the number of solutions in non-negative integers of the equation

x1(x; — 1) xo(xe — 1) T B
A1 5 + Ao 5 + .. 4+ A 5 =n.
In 2005, Adiga et al. gave a relation between sy (n) and t) (n) as

S\ (8n + k) = Bty (n)

for 1 < k <7 where

s (0 ()) o

for ¢; denote the number of parts in A which are equal to 1 < 5 < 3. They provide
the proof for the result by using generating functions and the combinatorial
method.

Next, Baruah(2008) continue the research on the relationship between s) (n)
and ty (n). For A = (A1, \a, ..., ) be a partition of 8, they gave the relations
between sy (n) and t) (n) for any non-negative integer n as

S\ <8TL + 8) — S\ (2n + 2) = Bty (n) .
They provide proof for this relation by using generating function method.

Let ¢y (n) denote the number of representations of an integer n as a sum of
centred pentagonal numbers induced by A. In other words, ¢y (n) is the number
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of solutions in non-negative integers of the equation

522 +5 2 5132+ 5 2 532 4 5Ty, + 2
:1:1+2:1:1+ e x2+2:1:2+ A xm+2:1: + _

For example, for n = 23 and A\ = (5,2,1) we have m = 3,

55x%+;x1+2 +25x%+2x2+2+ 5x§+2x3+2 _ g

Then 23 = 5(1)+2(6)+1(6) = 5(1)+2(1)+1(16). Thus, (21, x2,2z3) = (0,1,1) =

(0,0,2). Then c(59,1)(23) = 2. Johari et al. (2012) gave a relation between sy (n)

and ¢y (n) as
S (@) = Brea (n)

for 1 < k < 7 where 3 is given by Equation (1) and they provide the proof for
this relation by using generating function method. Later, the combinatorial proof
was given by Johari et al. in 2013.

)\1 n.

Now we extend our discussion to the relation between the number of
representations of an integer n as sums of squares and number of representations of
n as sums of centred pentagonal numbers induced by partitions of 8. The relation
is given by following theorem:

Theorem. Let A = (A, A2, ..., \n) be a partition of 8. Then for any non-
negative integer n, we have

sx (8n) — sy (2n) = Brex (5n + 3),
where By = 2™ + 2m~1 ((2) + (221) (’f) -+ (le) (213)) and t; denote the number of
parts in X which are equal to j.

This theorem has been proved by using generating functions method where
there are 22 partitions of 8 to be considered.
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The Construction and Solution of a Mathematical Model

of the Flow of Tourists, Arriving in the Country
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In this paper we discuss the case which is to take high income that it is obtained
from tourists at the end of period T'. We construct a mathematical model of the
problem with assume that this process is continuous during 7.

For a time moment ¢, consider S (¢) which characterizes the number of visited
tourists in the country and let H (t) be all costs to build hotels and hostels for
tourists, i.e. S (¢) depends on the income, received from tourists while H (¢) gives
us the outcome.

At each moment ¢, we divide the income which is received from tourists into
three parts: to build and reconstruct hotels, expenses for good service and income.

Let ¢ be profit from one tourist at a unit time, then ¢S (¢) is profit from
all tourists for an unit of time. So, the model of this problem is represented by
differential equations, look at |2, Chapter 117|. We have high income at time which

is (see [1] and the references given there)
a

T =
ab(a—1)
Now let us turn to paths on the far side of Transition Surface(TS). As initial
conditions, we use(S; are new parameters)

1 1
Hle,VH:szz—,S:SQ,ngl,T:TQ,VT:ksl(k:ba )
8 a

Now, we can find the retrogressive path equation for my4 (one can see this
construction in |1, Chapter 121]):

H(t)=—aS (1-Y) = —aR Vi = b (—2Vy + Vs)
S(t) = —bH + 5 and Vg = aVy — Vs =Q

By solving this system of equations, we get the following conclusion. The paths
of system fill the whole space E. It is not difficult to determine if they fit into the
optimal strategy. First, from the optimal path such that the time is so small while
the profit gained from tourists is so many, demand that hotels must be enough.
During the profit is being increased, also hotels must be produced at some time
among. At time 7 = m from termination, we continue servicing but stop the
construction of hotels and accumulate reserve funds.
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Many do not realize that high leverage points, those observations that fall
far from the majority of the explanatory variables is another prime source of
multicollinearity. High leverage collinearity influential observations (HLCIO) are
those high leverage points that can disrupt the multicollinearity pattern of a
data. They are referred as high leverage collinearity-enhancing (HLCEQO) or high
leverage collinearity- reducing observations (HLCRO). The focus of this paper
is to present a newly developed diagnostic methods of identifying HLCEO. By
correctly identifying those observations, may help statistics practitioners finding
the correct remedy to multicollinearity. The usefulness of the proposed methods
is studied by some well-known data set and Monte Carlo simulation.

Robust estimator in dual response surface for unbalanced
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In recent years, much of response surface methodology (RSM) was focused
on finding the operating conditions that resulted in an optimum response of the



128 Section. Applied mathematics and mathematical modelling

mean with the homogeneity assumptions on the variances. With the economic
challenge today, the industrial statisticians have become aware that they can no
longer focus only on the optimal process mean of the response of interest. Instead,
the process variance of the response also needs to be considered. In a dual response
approach, introduced by Vining and Myers (1990), is a useful technique to monitor
an industrial process by using both the mean and the standard deviation of the
measurements as the responses. In practice, the two separate models give a more
understanding analyst of the optimization process and thus allow them to see
what levels of the control variables can lead satisfactory values of the response as
well as the variance.

The Ordinary Least Squares (OLS) method is extensively employed to obtain
the fitted response function for mean and variance by assuming experimental
data are normally distributed and there are no outliers in the data (Park and
Cho, 2003). For uncontaminated data, the sample mean and the sample variance
are efficient measures for location and scale. Nonetheless, both measures are
very sensitive in the presence of outliers. Hence to get more efficient results, we
proposed to adopt the highly efficient and high breakdown point robust MM-
estimator in dual response surface methodology by using different robust designs
measures. The objectives of this paper is employ robust designs of response in the
construction of the process mean and process standard deviation.

Consider a heteroscedastic regression model;

Y; :ZL’Z'Tﬂ—l—&"Z' 1= 1, 2, N N E(EZ‘ZL'Z) :O, E(&f?ﬂ?z) :(3'22 , (1)
where the y; is the response variables, x; are known n X 1 design vectors of
independent variables, 3 is an unknown vector of interest, and ¢; is the component
of an n x 1 random vector. Assuming Y = (y1, 4, - - . ,yn)T, r = (T1,%s,... ,xn)T,
and € = (£1,€9, . .. ,5n)T.

Since the resulting optimum responses are not efficiently determined using
the sample mean and the sample variance, Park and Cho (2003) proposed using
median as an alternative estimator to the mean, and the median absolute deviation
(MAD) as alternative estimator to the standard deviation. The mean, standard
deviation, and MAD are defined as follows:

1 m m
L - , 9
m Zym m 1 yzy z ( )
Jj=1 j=1
MAD(Y7, Y3, ..., Y,) = median { Y; — median (Y;) } : (3)
1<i<n 1<5<n

Let the random variable Y forming Y ~ N (6, 72) and another random variable
Z forming Z ~ N(0, 1) with the cumulative distribution function F'(e). It is
casily seen that Y — © and 77 have the same distribution. Let p(z) denote the
probability density function (pdf) of Z. The pdf of W = |Z| then becomes 2p(w)
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of which the support is (0,00). The median of W is obtained by solving the

following equation for m:

/Zp(w)dw =1/2. (4)
It follows that 2(1—F(m)) = 1/2. Hence we have m = median(|Z]) = F~1(3/4).

When n is large size, Hllgd'ian (Y;) — 0, and Z,, — F~!(p) as n — oo, therefore
<js<n

the following results as:
MAD(Y1, ..., Y,) — median {|Y — 0|} = median (|Z|)7 = F'(3/4)r.
Hence the estimator M AD/F~(2) is consistent for the scale parameter 7 and
we have:
D1, Ya, ....Y,) =MAD(YY, Ya, ..., Y,,)/F~'(3/4). (5)
Suppose that ji(x) and 6%(x) are the fitted response function for the mean and

the variance, respectively. A second-order polynomial response function modeled
are considered as follows:

k k k
,[L(x) - BO + Z B@xz + Z Bmxg + Z Z Bijilfil“j, (6)
=1 1=1 1<j
and

k k k
6%(z) = A + Z Vi + Z Yii; + Z Z Vi TiT . (7)
i=1 i=1

1<]
In order to estimate the optimum factor settings, Park and Cho (2003)
considered minimizing the squared-loss optimization model:
minimize (fi(x) — Tp)* + 62(x), (8)
where Ty is the target response value. We can also use the dual-response
optimization model proposed by Vining and Myers (1990);
Minimize &,  Subject to w, = Tj. (9)
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Extreme value theory (EVT) is a branch of statistics which study the
stochastic behavior of a process at unusually large or small values [1]. Particularly,
EVT provides procedures for tail estimation which are scientifically and
statistically rational. Two significant results from EVT are first, the asymptotic
distribution of the standardized series of maxima (minima) is shown to converge
to the Gumbel, Frechet, or Weibull distributions [2]. A standard form of these
three distributions is called the generalized extreme value (GEV) distribution.
The second result concerns the distribution of threshold exceedances, where the
limiting distribution is a generalized Pareto distribution (GPD) [3|. An important
issue in modelling the threshold exceedances using GPD is a threshold selection.
Many researchers have proposed the threshold selection method for stationary
threshold exceedances modelling. [1] proposed the graphical method based on
mean residual life plot coupled with threshold stability plot to choose the threshold
value. [4] and [5] propose the plot of return values against their corresponding
threshold. A threshold interval where the return value estimates are stable will be
selected as the possible threshold value. The selection of threshold using statistical
tests have been proposed by [6], [7] and [8]. Threshold selection for non-stationary
data have been proposed by 9], [10] and [11]. In this paper, new threshold selection
method based on regression tree is proposed to select the threshold in the case of
non-stationary threshold exceedances modelling.
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Let y1, ..., y, be a non-stationary sequence of observations with tq,...,¢, and
x1,...,T, as covariates. The regression tree is used to partition the y; sequence
into m homogeneous stationary clusters ¢y, ..., ¢,. The stopping criterion for the
regression tree is set such that if all clusters are approximately stationary, the
recursive partitioning will be stopped. Kwiatkowski-Phillips-Scmidt-Shin (KPSS)
test is used to test the stationary in the resulted cluster. If all observations within
each clusters are approximately stationary, a constant high threshold (in term of
percentile) is set within each cluster. The percentile is kept similar for all clusters
such that the rate of exceedances remain constant throughout the data set. Since
the size of each cluster c¢q,...,¢, are different, m threshold values within m
clusters are produced. Each observations, yi,...,y, will be assigned threshold
values according to their clusters. By arranging the threshold values according to
their observations, u, ..., u, a covariate-varying threshold is obtained.

Having determined a covariate-varying threshold, the threshold exceedances
y; —u; for i = 1,...,n is modelled using stationary and non-stationary GPD. For
stationary GPD, the parameter of a model is kept constant. While for the non-
stationary GPD, the parameter model is allowed to be a function of covariate. The
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) are
use to compare the performance of the two estimated models. The performance of
the proposed threshold selection method based on regression tree is also compared
with standard method using Root Mean Squared Error (RMSE) and coefficient
of determination (R?).
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MaremaTudeckasi MOJEeJIb OIeHKN 11 IPOTrHO3UPOBAHNS
CIIpoca Ha BBIIIYCKHNUKOB BBICIINX YYeOHBIX 3aBedeHUiIT Ha
pBIHKe paboTogareJieii

A.A6aynmaes!, JI.A. Kaguposa?
L®epeancruti puruan TATY
2 Anduorcancruti 20cydapemeennviti ynusepcumen

YipapieHue o0pa3oBaHUEM B YCJIOBUSX PBIHOYHON SKOHOMUKH TPeOyeT Ipo-
IHO3UPOBAHUS CIPOCA Ha, BBIIYCKHUKOB BBICIINX YYEOHBIX 3aBeJIeHMIl Ha PbHIH-
Ke TPY/Ia, MOJTOTOBJICHHBIX HAa OCHOBAHUN KOMIIETEHTHOCTHOTO 1ojxoa [1]. Cre-
IleHb Pa3BUTHUsA TOI MU MHOII KOMIIETEHIIUN BbLIIYCKHUKA BYy3a MOYKET 3aBUCETH
OT MHOKeCTBa (paKTOPOB, U B CJIydae HeJIOCTATOYHOCTH Pa3BUTHUSI OTJIEJIHHOTO 13
HUX BJIUSICT Ha UTOTOBBIN pe3ysbTaT. Toraa perrenre TpuHUMAaeTCs Ha, OCHOBaAHUN
OTJeJbHOI0 HabOpa IapaMeTpoB, UYTO HMOPOXKIaeT MHOMOKPUTEPHAJILHYIO 3a/1ady.
O1HaKO, CYIIECTBYIOT METOIbI MHTEIPUPOBAHNUSA MHOXKECTBA KPUTEPHEB B OJINH

p
OOOOIIEHHBI, TTPUMEPOM KOTOPOTO SIBJISIETCS aJINTHBHAs cBepTKa: K = > k;
i=1
rjge k; — 9mUCIOBOE 3HAUEHME i-TO IapaMeTpa, p-KOoam4decTBo Kpurepues. Korma
KasKJIplil IapaMeTp UMeeT BayKHOe 3HaueHUe, TO HPUMEHSIeTCsSI MYJIbTUILINKATIB-

Has CBEPTKA, B KOTOPOI HI OJINH U3 KPUTEPUEB HE MPUHUMAET HYJIE€BOTO 3HAYEHNUS],

p
MHave, BCe MPOu3BejieHne obparutest B Hyib: K = Y k;, rje k; — 9ucjioBoe 3Ha-
i=1
deHue §-0r0 KPUTepUs, p — KOJMIECTBO KPUTEpUeB ([apaMeTpoB), m; — BeC Wn
KO3 PUINEHT 3HAYUMOCTH i-I'0 KPUTEPUS.
Bei6op dyHKIMOHAIBHOIT 3aBUCHMOCTH (IOJTMHOMHUAIBHOI, JJorapudMIaecKoii
U JIp.) 3aBUCHT OT TOYHOCTH OINEHKHM KOMIIETeHIHU. [locpecTBOM BbIUUC/ICHUST
nostHOrO Jcpdepenimaia QyHKIII
n
9q

: dg = ,
0: A=) g,
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e d.fL'Z — TOYHOCTBL OIECHKMH 1-I'0 KOMIIOHEHTa, KOMIIETCHIIMKN OIIpeac/isdeTCda TOY-
HOCTb OIICHKHN KOMIICTCHIINN. ,ZLJIH I[IOBBIIIIEHNA €€ JOCTOBEPHOCTU IIpE€ajiaracTCsd

n
MUHUMHU3UPOBATDH ONIMOKY MOIPEITHOCTH: » %dl’i — min.
=1
Creyiomast MaTeMaTndeckast MOJEJNb B BHJIE IOJUHOMA CIYKUT MOJIEIBIO

n
JUIst OIEHKH KommeTeHnuit: ) = byxy + boxs + ... + bz, = D bjz;, 910 103BO-
JINT OLEHUTH YACTHYIO KOMIIETeHINIO. KaxK/plit Kpurepuii :1:; éeryﬂupyeTcsi KO-
s dunmenTom b;, KOTOPBII OTparkaeT ero 3HAYMMOCTb win Bec. [Ipum sTom i
BCEX KPHUTEPUEB JIOIYCKALTCS KOJUYIECTBEHHOE COOTBETCTBUE Mexkjy coboii. ITo-
CKOJIbKY [IJIsT (POPMUPOBAHMS KazKI0i KOMIIETEHIINN IIPEyCMOTPEHO pPas3IndHoe
KOJIMYIECTBO JUCIUILINH yIeOHOTO ILIaHa, TO MPEeJJIaraeTcsl UCI0Ib30BaTh CPeJl-
HIOIO OILIEHKY JIJIsl 0OecIieueHns] BO3MOKHOCTI CPAaBHUBATD I10JIyY€HHbIE UIC/IOBBIE
3HAUYEHHS 110 KazKI0H KOMIIeTeHIIN:
_ i udi + 300 Biki + 30 b

! Z?:1 o + Z?:1 Bz + Z?:1 Vi ’
rjie ¢ — OlleHKa YaCTHOI KommeTeHun; d;, k;, b; — JOCTHXKEHHsI CTYJIEHTa 110 TPEM
BIJIaM KOHTPOJIS; v, 3, Vi — KOO MUIIMEHTbI BeCOMOCTHU. JacTHbIe KOMIIETEHIINN
dopmupyroT obsacTu npodeccuoHaIbHOI JesdTeIbHOCTH. B 1anHOM ciiydae BJId-
sIHIE KayKJI0Tr'o IIapaMeTpa 3HAYNMO [I039TOMY 11eJIeCO00PA3HO NPUMEHUTH MYJIbTHU-
IJINKATUBHYIO CBEPTKY:

Q; = ﬁ Zle oid; + Zle Bik; + Z§:1 ibi
=
r—1 S B

rie M; — koacddunnueHT BeCoOMOCTH; k-KOJIMIECTBO eIMHUIHBIX IOKa3aTeIel.

M;
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[2] Kaguposa JI.A., Caiingosa H.K. Meroauka nporHosupoBanusi HoTpebHOCTE! pernoHa B
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CpaBHUTEABbHBIN aHAJIN3 METOJ0B HOCTPOEHUS MOodeJeil

"CTPYKTypa — aKTUBHOCTD'’
®.Aapinosal, B.H.Kysues?, P./Iasponos®
L3 Memumyma mamemamuru um. B. 1. Pomarosckozo AH PY3
2 Joicusaxcruti noAUMeTHuNeckutds uncmumym
fatadilova@gmail.com

B macrosiiee BpeMsi paspaboTKa HOBBIX JIEKAPCTB B 3HAYUTEILHOIN CTeleHn
3aBUCHUT OT IIPUMEHEHIS BBIUNCIUTEIbHBIX MeTOI0B. [Ipejgckasanust O1oornye-
CKUX 1 (PUBNKO-XUMUYIECKIX CBOMCTB JIEKAPCTBEHHBIX COEINHEHUI CYIeCTBEHHO
CHIZKAET KOJIMIECTBO IKCIEPUMEHTOB.

NsBecrHast nHTEpHET-Cpea xumurdeckoro mogesmposanust (OCHEM) sBs-
eTcst OTKPBITOM BeO-111aTdOpPMOil JIJIsi XpaHeHHs JAHHBIX, pa3pabOTK Mojie/ieil 1
myOsmkaim xumudeckoit nadopmarmn |[http://www.ochem.eu|. Ham mpecras-
JISIETCSI MHTEPECHbIM CPaBHUTH (yHKIMoHaAbHOCTL 1Takera OCHEM ¢ merojom
kNN-QSAR, nockosibky panee [1| mbr yoemmiucs, aro aaropurm kNN-QSAR ¢
BKJIFOUEHHBIMI IIPOTIeLypamMu k-O/mKaiimmmx coceieil, Kpocc-Baaualini U OTAKNITa
IIpU BBIOOPE JECKPUIITOPOB U MPUHATHIMUA KPUTEPHUAME OIEHKN KadecTBa MOJIeIei
reHeprupyeT HaJle’KHbIe TPOTHO3HbBIE MOJIEIN.

[lenbro HAcTOsMIEN pabOTHI SIBJISIETCST COIOCTABJICHHE JIBYX IOJIXOI0B K I10-
CTPOEHMIO TOYHBIX Mojeseii mporuo3a aktuBHocTH, KNN-QSAR n OCHEM mo
IPUHSTHIM CTATUCTHYIECKIM KPHUTEPHUSIM, BKJOUYAs TOYHOCTH ITPOTHO3UPOBAHIS
Ha Jormyctumoii obmactu ux npumenenns: (Applicable Domain, AD).

OCHEM mnosBoJister Boimo aaTh nosablii muka QSAR/QSPR mogenposanus
B TI0JlyaBTOMaTHIeCKOM pexkume. [Liardopma mmeeT jiBe OCHOBHBIE 110JICUCTEMBbI:
0a3y JaHHBIX SKCIIEPUMEHTAIBHO M3MEPEHHBIX CBOMCTB XUMUUIECKUX COEIITHEHMI
u Moy MojesnpoBanus. [lomcucrema 0a3bl JAHHBIX BKJOYAET B ceOs XpaHe-
HIE 9KCIePUMEHTAJbHBIX KOHEUHBIX TOYEK U MHCTPYMEHTBI /i1 9P MEKTUBHOIO
BBOJIA, MTOMCKa 1 00pabOTKN JaHHbIX. CTPYKTypa MOAECJTUPOBAHUST IIPEI0CTABIISI-
eT BO3MOYKHOCTHU JIJIsl UCIIOJIb30BaHUsI TUX JIAaHHBIX B IIPOIECCE MOJIEJIMPOBAHISA
1 BBIIOJHEHUSI BCEX ITAIlOB THIIOBOI'O PabOYero Mmporecca: MOAr0TOBKA JTaHHBIX,
pacueT u PUILTPAIS MOJIEKYJISIPHBIX JECKPUIITOPOB, IPUMEHEHUE METOJ/IOB Ma~
IIUHHOTO O0yYeHusT 1 aHam3 dP(MEKTUBHOCTH MOJIEIE.

OCHEM mo3BoJisier BBIMOJHATE MOJIHBIN MUK paspaborku mogenn QSAR,
KOTOPBIil BK/IIOYaeT B cedsi: yIpaB/ieHne HabopaMu SKCIIePUMEHTAIbHBIX JIaHHbIX;
pacder moJiekyssipabix seckpunropo (OCHEM nomnep:kuBaer 6osiee 20 Tumos
COBPEMEHHBIX MOJIEKYJISIPHBIX JIECKPHUIITOPOB); 3allyCK BBIOPAHHOIO METOJa Ma-
HTTHHOT'O 00YYEHMUsT; TPOTOKOJI TPOBEPKH MOJICJIN; PACYET CTATUCTUK MOJIEIN; TTPH-
MEeHEHHe MOJE/N K HOBBIM COEIMHEHUSIM.

B nacrosmee Bpemss OCHEM nojiep:kuBaeT cjeayroniue MeTo bl MallnHHOI'O
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ooyuenust: ASNN-Associative Neural Networks, Bagging, FSMLR, J48 decision
tree (Weka implementation), KNN (kK nearest neighbors), LIBRARY meta-
learning, Partial Least Squares (PLS), XGBoost (Scalable and Flexible Gradient
Boosting)), Deep Neural Networks.

OOBIYHO UCIOJIb3yeMble TOKA3aTe N TPOIrHOCTUIHOCTU TOCTPOEHHON MOJIEJIH,
— cpeanekBaiparnanas onoka (RMSE), cpenmss abeosornas ommbka (MAE) u
KBaJpar Koadduiuenta Koppessanun: ¢° (obyuaiomas spibopka) u R? (Tectobas
BBIOOPKA) [2].

BorancinrenbHble 9KCIEPUMEHThI TPOBOIIINCH Ha COEINHEHUSIX aJIKAIONI0B
rapMaJibl OOBIKHOBEHHOT XHHA30IMHOBOIO CTPOEHMUST 1 UX [TPOM3BOJHBIX |3], KOTO-
pble ObLIN pa3/leJIeHbl Ha JIBE TPYIIIbLE: 1) coeuHeHtst COOCTBEHHO XUHA30IMHOBOTO
CTPOEHUSI WJIH JIE30KCUIIEraHUHOBOTO psijia (coepnuenust oT 1 7o 43); u 2) coeju-
HEHsT XHHA30JI0HOBOI'O CTPOCHUS UJIH JE30KCHBA3UIIMOHOTO Psijia (COCIMHEHUST OT
44 510 65).

XuMndeckne CTPYKTYpbI HCCJIEIYyEeMbIX COeJIMHEHuil 3ammcanbl B gopmare
SMILES c¢ ucnosbzoBanuem mnporpammbl MedChemDesing 3.0. [Takerom rcdk BbI-
gucamin 91 uexonuwiit geckpunrop. [loce crammapTHoOil DUILTpAIINN COEINHE-
HUIl U JeCKPUIITOPOB (MPOIYCKU, BBIOPOCHL, OPOr KO3(hdUIneHTa KOPPEJIsIIni)
oCTaJIoCh 55 coe/Henuit 1 22 IeCKPUITOpa, BEIOPAHHBIX METOJOM OTKura (SA).

NcexoaHoe MHOYKECTBO COEIMHEHIT TPUZK B METOIOM IIPOCTON paHIOMU3AIIHI
ObLIO pasjesieHo Ha Tpu HojMHozecTBa (BbiGopku): 60 %4 -obyuenne, 20 %% -
TecTupoBanue (KOHTpo/bHas BbibopKa), 2004 -BHelHss BLIGOPKa (110 OTHOIICHIIO
K oDy4aroleii u KOHTpOﬂbHoﬁ), Ha KOTOPOIi OIPeJIesIsiioCh 00J1aCTh IPUMEHUMO-
cru (Application Domain, AD).

[IpoBoam/nch JiBa BBIYUCIUTE/IbHBIX dKciepuMenTa (BY): B mepsom B mosty-
YUJIN TPOTHOCTUIECKIE MOJEH, VAOBIETBOPAIONIYIO CTATUCTUIECKIM KPUTEPUSIM
TOYHOCTHU Ha 00y4atoieil u TectoBoit BbiOopKe MeTogoM KNN-QSAR u 9 meTonamu
n3 OCHEM. Bropoit B9 nokaszaJi, Hackobko TouHO onpeaensiiorcess AD B meTone
kNN-QSAR u nmakere OCHEM, m1s1 gero paccuntoiBajin AD Ha BHelHel BbIOOD-
K€ BBIIIEOIINCAHHBIMI CIIOCODAME, OJJHOBPEMEHHO C TOUYHOCTBIO IIPOIHO3a MOJeIei
Ha noaydeaaom AD 1o snadennio RMSE.

JIuteparypa
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O craTucTrudecKoM ynpaBJIEHUH HOPMaJIbHOTO IIpoliecca Ha
NpoMeXKyTKe BpeMeHU

C.A.Axmenos!, K.C.A61a3oBa’
L2 Anduorcancruti 2ocydapemeennoti yrueepcumen
s.a.axmedov@mail.ru, k.s.ablazova@gmail.com

OOBITHO TEXHOJIOINYIECKIE OTIepaIlii Ha, ITPON3BOJICTBE BBIIOJIHIIOTCS HA HEKO-
TOPOM TIPOMEXKYTKEe BpeMeHH. [Ipu 9TOM M0 pas/iMuHbIM MPUINHAM B pasMepax
N3TOTOBJISIEMOIT TPOLYKIINN MbI HabJII0/IaeM NU3MEHUYNBOCTD.

Ecian nctogHIKOM M3MEHYNBOCTH BJIUSIIONINI HA WHINBHAYAJIbHbIE 3HAUEHIS
pesyJibraTa mpoiecca OyJer mpocThie (cyrydaiiible) IPUYIUHBI, TO HOJIHBIN pa3Max
pUcyIeit cTabmILHOMY TTPOIECCY N3MEHINBOCTH HA30BEM BOCIPOM3BOINMOCTBHIO
nporecca. Ecium n3aMeHInBOCTb HMOSBJISIIOTCS 13-38 OOBIYHBIX U OCOOBIX IPUYNH TO
pasMax MOJTHON M3MEHUYMBOCTH IMPOTECCa Mbl Ha30BEM IPUTOIHOCTHIO MPOIIECCA.
[Tpu oMoIIy CTaTUCTHIECKUX METO/I0B B 000UX CJIyUasiX MOYKHO OIEHUTH IIPOIEHT
BO3HMKHOBEHUs OpaKa MpoTyKIINH.

Ha npom3Bo/icTBe «JiepKaThy pa3Mephl BLITYCKAeMOi MPOYKIINA BHYTPH I'Pa-
HUI[ €CTECTBEHHOI N3MEHINBOCTH HA3BIBAIOT IIPABUJIOM «IIECTh curmas. IIpu atom
BBLIXOJI HeroHoii npoaykuun cocrasiser 0.27%. Ecin nossistiores ocodble mpu-
YUHBI, TO 3TU IpaBuja HapymaroTcs. [loaToMy Bo3HHKaeT 3ajada yIpaBjeHHs
porecca B MPOMEXKYTKe BpeMeHH, KOTJla UJIET TeXHOJOINYCCKIE OlepPaIlii.

merorest pas/indHble BADUAHTDI pelienns 1oit 3agaan [1].

B Te3uce Mbl MpuBeeM pelienue, Korja mporece HopMaabhblit. [Ipn aTom nc-
II0JIB3YEM CTATUCTUYECKNN HMHCTPYMEHT TaK Ha3bIBA€Mble KOHTPOJbHBIE KapThI
(KK). Hasee caauasa gajgnm kparkyio xapakrepuctuky KK u mposejiem pesyiib-
TaT.

[Tycts X onpejessier pazmep M3roTOBJISIEMOIl MPOJIYKITNI, U OHA Pacipejie-

Jseta HopMmasibo: X ~ N(u,0?). Iz X Gepem BbIOOPKY X1, T2, ..., T,. Craru-
CTUYECKUI TT0KA3aTe/Ib KOPPEINPOBAHHDII ¢ KAYeCTBOM HMPOLYKIMHA 0O03HAUNM
aepes g = g(x1, Ta, ..., Tp).

KK »10 rpacduieckoe npejcrapieHne XapaKTepUCTUKN MIPoIlecca, OKa3biBa-
[oIee HAHECEHNe 3HAYEHUs § 9TOH XapaKTePUCTUKH, MeHTpaabHyto jJuanio (CL)
1 KoHTposibHbie rpanuisl (LCL u UCL).

[Ipu sTom 3nauenne LC'L (Humkusis KoHTpoJibHast rpannna) u UC L(BepxHsis
KOHTPOJIbHAsT TPAHUIIA) 3aBUCIT OT pacipejenernns craructuku g. C'L 3amaercs
TEXHIIECKIM CTAHIAPTOM HJIH OIEHHBAETCsI 110 IIPeIBAPUTEIHLHBIM BBIOOPKAM.

Yrobnl BBecT Ha 1pousBojacTBy KK cHauasa HY»KHO OLpEIE/INTh ee XapaK-
repuctukn: g, LCL, n UCL. Ecin oHn M3BECTHBI, TO U3 TEKYIIEro mpoiecca Oe-
peM MIHOBEHHBIE BBIOODKH X1, L2, - .., Tin, I = 1, ..., k B OIpeeJeHHbIe MO-
MEHTHI t1, tg, ..., tp U BBIUNCIUM 3HaueHus g; = §(T;1, T, - - ., Tin). SHAUCHUS
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gi, LCL,CL nu UCL ormeTuM Ha BepPTUKAJILHOI OCH,TOUYKH 1, to, ..., t; HA TO-
PU30HTAJBHONI OCH.

Haxoum Ha 1tocKoeTn ToukH (t;, g;), (i = 1, k) 1X npucoemHseM oTpesKami.
[Tposeem napaJiiesbHbIe IpsIMbIe K Topr30HTaJIbHON ocu depes Toukn LC' L, C'L
u UC'L n mbI nostydaem rpadudeckoe n3odpazkeHue COCTOSTHIS N3y daeMOoro Mpo-
necca. Eemn g; € (LCL,UCL), T0 TOBOPAT MPOTIECC HAXOIUTCSA B CTATHCTHICCKN
YIIPaBJISEMOM COCTOSTHUM.

Nwmetorest pasinuanbie Tunn KK ucnonbsyemble vHa ipoussojictse [2]. 3i1ech Mbl
ykazkeM jiBe KK ucrmo/ib3yemMble IIpu yIpaBaeHINn HOPMaJILHOTO IIPOIIECca IIpoMe-
)KyTke Bpemern. 91t KK MoyKHO nCIo/ib30BaTh B IepBOHAYAIBHOM dTalle M3Y-
yeHus mpornecca. [Ipn 3ToM craTucTrdeckuM rokasareseM OepeM SMIePUIeCKUii
K03(DUIMEeHT acuMMeTpun (a-Kapra) u Kiecca (y-Kapra).

mect MecTo ciiemytomias TeopeMa, KoTopas omnpejendeT rpanuibl KK.

Teopema. [Tycmo npouecc naxrodumcesa 6 CmamMucMuUYecky YnpasaAeMOM CO-
cmoanuu. Toeda cmamucmuveckoti docmoseEPHOCMBIO MOHCHO 00HOZHAYUEHO ONe-
pedeaumsv LC'L w UCL das a-xapmot u 0A4 Y-Kapmol.

Ecin KK BBelieHbl Ha IIPOM3BOJICTBE, TO U3 TEKYIIEIO IIPOIEecca OepeM MIHO-
BEHHBIE BLIOOPKHU U T10 TIpaBUIaM ITPOBEJICHHBIX BbIIIE Oy/IeM YIIPaBJISTh MPOIECC.

Jluteparypa
[1] MurTar 1., Pumne X. Crarnaeckue MeToIb obeciedenns Kadecrsa. M.: Mammuoctpoerue,
1995.

[2] Amsep FO.I1., Makcumosa O.B., IlInep B.JI. Konrpossubie kapter [lyxapra B Poccun u 3a
pyOeKoM: KpaTKuii 0630p COBPEMEHHOIO COCTOsIHUSI (CTATUCTHYECKHE acleKThl). ZKypHai
"Cranmaprer u kKadectso" , Ne. 8. 2011.

O snokajbHOIT IpeieJIbHOII TeopeMe AJIsI BEeTBAIINXCS
cJIydJaiiHbIxX mmpoiieccoB l'ajgbToHa-BaTcoHa

II1.FO.2KypaeB
Huemumym mamemamuru AH PY3 umenu B.H. Pomanosckozo

IIycts X1, Xo, ..., X,, ... OCTEI0BATETHHOCTH HE3ABUCUMBIX HEOTPUTIATE b=
HBIX IEJIOUUCICHHBIX CIyJaiiHbIX BeJUInH (C.B.) ¢ obImeil nponsBojsimeil byHK-
e

F(z)=) PBa", |z|<1, F(1)=1,
n=0

¥ OTIpeJIeJICHA OJTHOM U TOM ke mpoctpancTse (€2, 3, P).
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Bersstuuiicst coryuaituabiii nporece anbsrona-Barcona {Z,, n > 0} oupejes-
eTCs CJCAYIOMUME PEKYPPEHTHBIMU (DOPMYJIAMIE:

Zo=1, Z1 = {0,1,2,...}, Z9 =X1—|—...—|—le,... Jpi1 = X14+...+ Xz

n’

n>1
(1)
(em.|1], rrasa I, §1, §2,11-13 cTp.)
I3 pexyppentroii hopmysst (1) caemyer, 9To mponsBojsime GyHKINT
Fy(z) = Ex? =z, Fy(z) = Ex? = Ex™ = F(x),...

F,(z) = BEx? = F,_(F(x)) = F(F,_1(x)).

BeposTHOCTD BBIPOXK/IEHNST TPOIIECCa B MOMEHT BPEMEHN 7
Pn(o) - P(Zn = 0) = Fn(O),
a BEPOSITHOCTD ITPOJIOJIZKEHNUS [POIECCa
Qn=P(Z,>0)=1-P(Z,=0)=1—- F,(0).
A H.Komvoropos [2] yeranosmit, ato npu m = F'(1) < 1
Qu = Km"(1+ (1)),
rie K HekoTopasi KOHCTaHTa 3aBucsiias or F(x).

B nacTosIeM coobIIeHnN JIOKa3ata, cJie IyIonas
1
Teopema. Ecau npu nexomopom € >0 E|X;| ™

Qn, = Km"(14+ O0(m™)).
Jluteparypa

< 00, mo npum < 1

[1] CesactsinoB B.A. Berssinuecs nporneccsr. M. «Hayka» 1971, 603 crp.

[2] Komvoropos A.H. K pemennto onnoit 6uonorndeckoii sagaun. «Vzs. HUU mar. un mex.
Tomckoro ynusepcutetasy, 1938, T.2, Bbim.1.

06 ogaoMm ycunennu teopembl A.Capaa

T.T.N6aiigyniaen
Anduorcancruti 2ocydapemeernv, yrusepcumem
wbaydullayev73@mail.ru

Bo mHoOrux pasjesax MaTeMaTHKI BaKHYIO POJIb UTPAeT CJle/yIolas TeopeMa
A.Cappia o mHO)KecTBe 3HadeHuii riajkux dyukiui ([1], r.3, crp.93).

Teopema 1. Ecau f : R" — RF — omobpasicerue xaacca C, r > max(0, n —
k), mo mepa mrostcecmea Kpumuseckur 3nauenuti omobpaccenus f pasHa nyao.

H.}O.CarumoBbiM ObLia IpeJjiozKeHa Caeayolias BepCcusl 3TOi TeopeMbl J1Jis
CKaJISIPHBIX (PYHKITHII.
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[Tycre dyukiwst f : [a; b] — R HenpepbiBHA 1 UMeeT IPOU3BOJIHYIO B KaK 101
touke. (B orsmmame or Teopembr Capﬂa HEIPEPBIBHOCTD MTPOM3BO/IHOM HE TpedyeT-
cst.) Homoxum C' = {t € [a; b] : f'(t) = 0}.

Teopema 2. Mepa mmoorcecmea f(C) pasha wyao.

JloK1a1 MOCBSIIAETCA JOKA3aTEILCTBY TEOPEMBI 2.
JIuteparypa

[1] Xupm M. duddepennuanbras Tomosorus, -M.: Mup, 1979, 279 c.

KoneuHo-pa3HOCTHBIII MeTo/I pelieHnus NPOCTPaHCTBEHHOI
3a1a4W TEPMOYIPYTOCTA

A.A Kanannapos!, A.A. Xamgxururos?, A.Kasanmgapos®
L3 Dyauemancruti 2ocydapemeennviti ynusepcumemn
2 Camapranderuti puruan Tawkenmerozo ynusepcumema un@PopMatuoHHyLs
mexrnono2ull

UccieioBanne mporeccoB jehopMUpOBaHUS KOHCTPYKIINN U UX 3JIEMEHTOB C
OJTHOBPEMEHHBIM YIETOM TEILJIOBBIX U MEXaHUIeCKUX (haKTOPOB UI'PAET BarKHYIO
POJIb BO MHOI'MX IPUKJIAIHBIX 3a/a9aX HAYKH U TeXHUKH, CBI3aHHBIX C HAIDeBa-
HUEM pa3/IMIHBIX JacTell MCCIeyeMOro 00beKTa. DTU MPOIECcChl 0OBIYHO, Y/I00HO
chopMysIIpOBaThH B BUJIE CBSI3aHHBIX NI HECBABAHHBIX TEPMOYIIPYTUX U TEPMO-
MJIACTHYECKNX KPAaeBbIX 3ajad [1].

B pabore [2] 6bLia periena BapralmoOHHO-PA3HOCTHBIM METOJIOM 3aJlada O Tep-
MOyTIpyroM mapaJuiesenumese. [Ipn 9ToM npejnoioKeHHo, 9ToO MOBEPXHOCTD I1a-
paJuiesienuie/ia cBaboHa OT HAPY30K U BHYTPH KOTOPOIO JIAHO TEMIIEPATYPHOE

1oJie 1o opmyJie
T(xy1, 9, x3) = Th sin 2% sin - gin -~ (1)
l ly l3
rie l;, 1 = 1,3 — quHa pédep mapaJuienenuiena, 1y — TeMIepaTypa. 3aMeTHM,
YTO Ha MOBEPXHOCTH IapaJiiesenunie/ia Temieparypa 1’ |Z = 0.
Kpaepast 3agada TepMOYyIPYTOCTH MOYKET OBITH CBeJeHa K CICTeMe TPEX nud-

(bepeHImaIbHbIX ypaBHEHNIT OTHOCUTEIBHO TIepeMertieHuii T.e. |3

( ik 2
()\+2M)8_xg+u(8y2+822)+()\+'u) 8x8y+8x82 _7%:0
u(%% ) +(A+2u)f’—¥+(A+u) axaymyaz —v?;—if =0 (2

- N
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CO CJIEJIYIONINMU KPAEBbIMH YCJIOBUSAMEI O CBOOO/IHOCTH TIOBEPXHOCTHU TTapaJijie-
JIeNnIe/1a OT Harpy30K.

r 011l = [(A +20) G+ AGE A+ AGE — (T - TO)}

_ ou ov
012|$:0»l1 =K (8 + 89@)

=0
ZIJZO,ll

= O, 013|x:0,l1 = u (% + g_;)) ‘xzo,ll =0

r=0,l1

( 0-22‘3/ 0,0y [)\(’)u ()\—1—2,“)2_ )\_ _V(T_TO)} ‘y—Ol =0
=0,l»
< o ‘ _ v + ou O o | = 9v + 9w =0
[ T2y=ot = P \ox T 0y )| _, ). Bly=ods = H\0= T oy )| 0, ~
(4)
033l.—01, [Aa“ AGE 4+ (A +2p) 52 —V(T—TO)} o =0
3
0
U31|z:o,l3 = K (3_15 + 3_1;) ‘ZZOJ:’, - O’ a32’z=0,l3 H (8y + )‘220 l3 =0

(5)
YpaBrerus (2-5) 3aMeHSINCh KOHEUHO-PA3HOCTHBIMI OTHOIIEHUSIMU ¥ pellia-
JINCh UTEPAITMOHHBIM METOJIOM IIPU CJIEYIONINX UCXOJIHBIX JIAHHBIX

1 _ .
v=-, E=210", a=12510", =1, i=1,23, N, =N, = N3=10
3
st pemenns ypaBuennii ¢ ToaHoctb € = 0.001 morpedboBasiock 58 ureparuii.
[To HMM MOXKHO YBUJIETH, UYTO 3HAUEHNE HAIPSIKEHUS B IEHTPEe MapaJiieernni-
1ejla paBHO 017 = —3.62 a, Ha TOBEPXHOCTAX, COIVIACHO KPaeBbIM YCJIOBUSIM PaBHO
HYJTIO.

JIuteparypa
[1] Khaldjigitov A.A., Qalandarov A., Nik M.A.Asri Long., Eshquvatov Z. Numerical solution

of 1D and 2D thermoelastic coupled problems. International journal of modern physics. Vol.
9, pp. 503-510, (2012).

[2] Hamme AWM. K permennto mpocTpaHCTBEHHOI 3aadd TEPMOYIPYTOCTH BapUAIOHHO-

Pa3HOCTHBIM METOJIOM. B KH. BOIIPOCHI Teopum yIPYyrocTu u ImactTudHocTr. CBEPIIOBCK,
1978. C. 65-72.

[3] Hosarkuit B. Junamudaeckue 3amaqu repmoynpyrocru. M.: Mup, 1970. 256 c.

O06 oagHOIT TpexMepHOIT 0OpaTHOI 3ajlade TeopUn
dbunprpanun QJIIIONI0B

I11.Karomos', A.B.Kaiomos?

II3BecTHO UTO B IIPOIECCE TPOMBICIOBBIX MCCJIEI0BAHNIT MECTOPOXKACHUI (PJIrO-
WJIOB OIPEJIeJIsIeTCs JIaCTOBbIE XapaKTePUCTUKU B JINCKPETHBIX TOYKAX (CKBAYKU-
HaX) U 9TU JIAHHbIE B MPOIiecce pa3pabOTKI MOI'YT U3MEHATHCA. ITOObI yTOUHUTD
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9TU JIAHHBIE YACTO IIPUXOJINTCs peniaTh KoadduimenTHoe obpaThbie 3a adu. Cy-
MIECTBYET Pa3INIHbIE CITOCOOBI PEIIeHNA 9TUX 3aJiad OJINH 13 KOTOPBIX PaccMaT-
puBaeTCs 3/1€Ch.

[TycTn B Heopnopoanoit 1 nejiedpopMupyemoit ooactu DD copepKuTes JIon,1
(skuaKoCcTb Win ra3). V3MeHeHus MaBieHust IPU H30T€PMUYECKON (bUIbTpamum
OIpeJIeJIsieTCs Kak pellieHust cJieiyionieit sagaqau [1]:

> (K () ) =

N(#)
=M (z,u) 2+ 3 Qi (t)6 (v — 1,2 — za,x —x3)n (t — ;)
i=1

(1)

u(z,0) = (x),r € D,x = (v1,22,73), (2)
ocu—l—(l—oa)g—z =y (z),2€ {DU(0,T)},a=0,1, (3)
pe-0 = {0150 M =@ me). (@)

3nech u (x,t) — byuxius gapienus, K (x),m (r) — GyHKIUN XapaKTepu3y-
IOIIE TIapaMETPhI ILJIACTA.

Bamada (1)-(4) rpakryercst Kak K03hbuImenTHO 00paTHOiT 3a/1a1eli B cMbIcJIe
4TO 110 U3BECTHBIM 3HaYeHneM DYHKIWH ¢ (x) u 1 () 1 pakTuIecKnM 3HAYCHUSIM
Q (t),u(x,t) 3a uarepsan spemenn t € (0,7) Tpebyercss onpee/uT 3HAYCHUS
koddutmentos K (x),m (x) MurnMusupyerne byHKIITOHAI

T N(t)
J = / > (i t) —u(x, ) dt. (5)
0 =1

Bamaqn (1)-(3) npu uzBecTHbIX 3HaUeHUAX Kodhburmentos K (z) u m (z) pe-
maeTest 9ucIeHHo |2, 3] Kak npamast 3ajgada. Munnvysm dyrknmonasa (5) MoKHO
HafiTu MeTojaMu ontumusanun (4, 5.

[Ipu muckpermsannu 3agaan (1)-(3) HeoOx0 MO OyIeT (bakTHICCKHE 3HAe-
His (OYHKINH JaBICHAI 1 1eOUTHI KOTOpask COOTBETCTBYIOT Ttepuory Aty. Pakru-
qecKue JIAHHBIE TTOJTyIeHHbIC U3 UCTOPUN Pa3paboTKU MOTYT HE COBIAIATH C JIHC-
KPETHBIMI 3HAUCHUSIMU BBITHCICHHOE KAK PEINICHHsT TIPSIMO 38149l 1 MOITOMY
HEOOXO/IMMO UX IPE/IBAPUTE/ILHOI 00paboTKM JINOO IyTeM OCpPE/IHEHUS 3a IIPpoMe-
KyTKI Aty HO0 APYTUME METOAMI.

st onpeenernns GyHKINN gaBaeHns U; (t) MOKHO HOCTPOUT 3aBUCHMOCTD
u; (t) = @ (Q;(t),t). llpu t = t; ona npumer Bux U; (tr) = ¢ (Q; (tr —0) ,tx) .
3neck Q; (t) — daxTudeckoe 3nadenne nebuTa B MOMEHT Bpemenn t. Q; (t, — 0) —
cpejiHee 3HadeHne jgeduTa i— i CKBayKUHBI 3a BpemeHu Aty

DakTnueckn 3aBUCUMOCTD (6) MOKHO paccMaTpUBATH KaK PEIICHUsT 3a/1adi
(1)-(4) mpu uzBectabix K u M.
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JIuteparypa

[1] Katomos I1I. Maremarndeckoe MojiempoBaHme 3a/1a9 TeOpUun (bUIBTPAIIN CO CBOOOIHBIMI

rpanumavu. T.: TI'TY, 2017, 273 c.

[2] Katomos II. ITpubsmrkeHHO-aHATUTHYIECKHE METOBI PEIeHrsl 3a/ad Teoprn (bUIbTPAIn
Baskorutactudeckux ¢uoonaos. T.: Uza. so: PAH PVs., 1991, 156 c.

[3] Camapckuii A.A. Teopus pasuoctabix cxem. M.: Hayka, 1990. 614 c.
[4] Upmkun 3. Aganrarnus u obydenus B apromarudeckux cucremax. M.: Hayka, 1979. 656 c.

[5] NBaxuenko A.I. Ilpunstus pemenuii Ha ocHoBe camoopranusanuu. M.: Hayka, 1976. 280
c.

YcToiiunBOCTh HEKOTOPBIX CTAIIMOHAPHBIX HEJIMHEMHbBIX
KPYITHOMACIITAOHBIX CHCTEM

P.B.Mymnnaxkonos, III.H.AboayrannapoBa, 2K.B.Mup3aaxmeaoBa
Anduorcancrudi 2ocydapemeernmviti yrusepcumem

CralnuoHapHble CUCTEMbI ¢ HEJTUHEHHBIMU CTPYKTYPHBIMI BO3MYIIEHUSIMU UC-
cJaeloBaHbl HeJgocTaTouno moJno. [losTtomy mpepcrapisger mHTEpec 3ajada 00
YCTOMYNBOCTU TAKOI'O PO/ia CUCTEM.

[Tokazkem, 9TO mIMeEET MeCTO, CeyIolee YTBEPK/IEHNE.

Teopema 1. Cocmosanue pasnosecus © = 0 cucmem
t=Ar, u i=A¢p(x)uz, (1)
ede x € R", A — nocmosannas mampuya, 00Hoepemenno 6ydem ycmotiuuevim

(acumnmomuyecku Yycmotiuusvim) uit HEYCmotuuevM, COOMBEMCMEEHHO, NPU
A0000 CKAAAPHOT cMPo20 nososcumervnot dynryuu ¢(x) : R — R .

Haee paccMOTpUM HeJIMHEHBIE CUCTEMbl yPaBHEHU BO3MYIIIEHHOTO JIBUZKE-
HUS

&= f(z) (2)

)" R", f(z) : R* — R" flz) =

rie x = (x1,T9, ..., Ty, €
(f1($), fQ(x)’ e fn(aj))T7 f(0) =0.
[Ipeanonoxum, uro fj(x) = ifjl(x)xl, J = 1,n. Ilpu stom cucremy (2)
MOKHO IIPE/ICTABUTD B cneﬂyfomenld:éyme
T = A(x)x (3)
pre A(z) = (Fu(@)), il =T

st byHKIN, CYIECTBYIOT JHHEHO HE3aBUCHMBIE CTPOTO MOJIOKUTETbHDIE
ckaJistpable pyHKIwN [1]

¢0($) =G, 6251(33), ¢2(l’), ~--,¢m($),
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¢ nopsijikoM ctporoctu €; > 0, 7 = 1, m, cOOTBETCTBEHHO, TaK1e, YTO
m

fi(x) =" aldi(x), jl=Tn,
-

rJie @ — HeKOTODBIC TIOCTOSHIBIC.
YauThiBas 970, cUCTeMy (2) IpejcTaBuM B BUJIE

i= 3 i) | =, (4)
=0

rie A; = (a}l) , L l=1n, 1=1m.
st mecyiefoBanus YCTOMINBOCTH COCTOsIHUS paBHoBecusd £ = () CHCTEMBI (4)
BMeECTE C 9TOIl CUCTEMOIl PaCCMOTPUM CJICIYIONe CUCTEeMbI

—_

t=Ax, 1=1,2,3,...,m. (5)

Teopema 2. [Tycmv 6 cucmemax (4) u (5) mampuyor A; u dynrkyuu ¢;(z)
Yd06AEMBOPAIOM, YCAOBUAM:

a) mampuyo, A; € R 4= 1,2, ..., m Hesuposcdennvie, CUMMEMPUIECKUE
OMHOCUMEALHO 2406H0T duazonaru U oas Kaxcdozo 1 < 1 < m A; u —A; ne
uMerm oowuxr cO6CMEEHHHLY 3HA%EHUT;

6) ¢i(x) — cmpozo nososcuMeEsLHVLE CKAAAPHBIE PYHKUUL ¢ NOPAIKOM CMPO-
eocmuec; >0, 1=1,2,...,m, coomeemcmeeHHo;

Tozda uz yemotivusocmu (acumnmomuueckots Ycmotiuusocmu,) it Heycmoti-
wusocmu cocmoanus pasrosecus x = 0 ecex cucmem (5) caedyem ycmotivu-
60CMY (ACUMNMOMUYECKOT YCMOTUNUBOCTND) UAU HEYCTNOTUUBOCTD COCTNOAHUA
pasrosecua r = 0 cucmemovr (4) coomeememeenho.

Caedcmeue. Ecau cocmoanue pasnosecun x = 0 xomsa Ove 00H0T cucmemov, u3
COBOKYNHOCTU cucmem (5) acumnmomuvecku Yemotuueo, U COCMOAHUE PAGHO-
secud x = 0 0CMAALHVT CUCTIEM YCTOTUMUBO, MO COCMOAHUE PABHOBECUA CUCTE-
ML (4) acumMnmomuecku yYemotuuso.
Caedcmeue. [lycmov svnosrsromes ece ycaosus meopemv, 2. Tozda cocmos-
m
nue pasnosecua x = 0 cucmemvt (4) a) yemotuuso, ecau Y ey (Gi) < 0;
. i=1
6) acumnmomuuyecku yemotuueo, ecau y el (G;) < 0; 6) neycmotivuso, ec-

. i=0
2 Y eidn(Gy) > 0.

i=1

JIuteparypa

[1] Mapremmiok A.A., Mymnaxonos P.B. K rteopun ycroitanBoctn crannoHapHbIX JIHHEHHBIX
kpynHoMmacitabubix cucrem // Ipuknannas mexanuka. T. 46, Ned., 2010.
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OHTI/IMI/ISaL[I/II/I B YCJIOBHUAX MHOI‘OCT&,HI/IP'IHBIX CnCTreMbl

yIIpaBJI€HUS IIPOIIECCOM
3.V¥.0Oprukos!, O.PaxmoHoB>
L2 Anoduosrcancruti 2ocydapemesennuiti yrusepcumen

CdopmyupoBannas 3ajada KOHTYpHOI onTumusanuu B yeaoBusx MCIT pe-
MAETCsT ¢ YUIeTOM TOMOJOIMH CXeM (CTPYKTYPhI) CHCTEMbI U XapaKTEePUCTUKE HC-
XOJTHOTO ChIpbs. JIJIs1 KazKJ0ro BUJA ChIPbsl OMPEIEISETCsT cXeMa (MapIipyTh)
nepepabOTKN ChIPbs, BLIICISIIOTCS KOHTYPBI YIPABICHUS, JIJIA KayK/I0TO KOHTYPa
CTPOUTCS COOTBETCTBYIOIIAsT MOJIE/Ib, PEHIACTCs 3a/1a49a KOHTYPHOI OITUMUBAIIIN
C YYeTOM I10CJIeJIOBATEIbHOCTH PACIIOJIOKEHIST KOHTYPOB B IIPOCTPAHCTBE U BPe-
MEHHBIX 3al1a3/IbIBAHMIA.

CyMMupyst MaTepuaJibHbIe PACXO/Ibl, 3aTpadnBaeMble Ha yIIPABICHIE KaXKIbIM
kouTypom MCII, onpenennm obiuit pacxo, 3aTpadnBaeMblil Ha obeciiederue 3¢-
dexrupnoro dpyukimonuposanus MCII B 1eom

Y3 Gl =1,
=11

rie U — cymmapssiit pacxos Ha yupasiaenne MCII B nemom.

B GosbminHCTBE cilydaeB eJIMHOBPEMEHHasi ONTHMU3alldsd BCEX IapaMeTpoB,
OIIPeIeJISIIOIINX X0/ 1 Pe3y/IbTarhl Ipoiecca B MHoronapamerpudeckux MCII, ne
IIpeJICTaBJISIETCsl BOBMOXKHOI. B ¢BsI3u ¢ 9TUM IIperkjie Bcero HeoOXOIMMO OIIpe-
JIeJINTD TI0CJIEJIOBATE/ILHOCTD BBIIIOJIHEHNS IIPOIIEYD ONTUMMI3AINN PAOOT, II03BO-
JIIOIINX Ha KaxKJIOM 3Talle JOCTHUYb TaKNX 3HAYEHUN pPeryupyeMbIX TeXHOJIO-
IIYeCKNX I1apaMeTpoB, IIPH KOTOPBIX COCTOSIHUE IIpolecca OyaeT CIoCOOHBIM K
BBIIIOJIHEHUIO [TPOU3BOACTBEHHBIX 3aaHMIA.

Taxum oOpa3oM, OCyIecTB/IeHIe aJrOPUTMa KOHTYPHON OINTUMU3AINI IIPE/I-
OTpeJIesisieT BBITOJHEHNe CJIeyIonux tamnos [1,4,5]:

paciio3HaBaHe BUJIa UCXOIHOIO ChIPhsl I MATEPHUAJIOB; BHIOOD M3 MHOXKECTBA
9TAJIOHHBIX MO/ICJICIT MO/IC/IN COOTBETCTBYIONIEl TEXHOJIOIMIECKON CUTYAIINN;

IIPpOBEPKaA MOJEJIN Ha aJIeKBATHOCTD; KOPPEKTUPOBKA, IIapaMeTPOB MOJIEIN;

BBIOOD KpUTEPUsl KOHTYPHOI ONTUMUBAINN; aHAINS 3a/[aHNs] BEPXHEr0 YPOBHS
OIITUMUI3AIINL;

olpejieJieHre JIOMYyCTUMOIN 00JIacTH OrpaHUYeHHs Ha IapaMeTpPbl KOHTYPa
yIpaBJIEHUA;

corjiacoBaHne KPpUTEPUEB KOHTYPHOI I MEXKKOHTYPHOI ONTHMU3AIINN; OIIPe/1e-
JIEHIE OITUMAJIbHBIX 3HAUEHU YIIPABJISIONINX [TIapaMeTPOB KOHTYpa YIIpaBJIeHHsI,
00eCTIeYnBaIONINX SKCTPEMYM JIJIsi BHIOPAHHON (PYHKITUU TICJIH;

aHaJIN3 Pe3y/IbTaTOB KOHTYPHOI ONTUMU3AINE U PUHATHE PEIIeHUI.
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[Tonck onTUMaJIbLHBIX PEIIEHUIT sIBJISIETCs CJI0ZKHOI 3aja4eii, KoTopas erre 00-
Jlee yCJIOXKHSIeTCs TOO0IHBIMU (haKTOPaMI, 3aTPYIHSIIONINME ee IIOCTAHOBKY U pe-
IIeHHE.

it TOro 4TOOBI MOCTPOUTH ONTUMAJBHYIO CHCTEMY aBTOMATH3UPOBAHHO-
ro ynpasienust kontypamu MCII, HeoOxoaumo 110 nmeroreiicss nHOOPMAIIT O
KOHTYpE YIIpaBJIeHUsI U KPUTEPUIO ONTUMAJIHHOCTH CHHTE3UPOBATH ONTUMAJIHLHOE
yIpaBJieHre, KOTOPOoe MOKEeT ObITh Pean30BaHO B BHJIE PAIMOHAILHOIO TEXHOJIO-
rudeckoro pexkuma. OIHaKO ONTHUMAJILHBIN PEyKUM, CUHTE3NPOBAHHBI HA OCHO-
Be UMeloleiicss anpropHoil nHGOpMaIu O KOHTYpe YIIPaBJIeHUs, HEJ0JT0 Oy/IeT
OCTaBaThCs ONTUMAaJIbHBIM. B Iporecce pyHKIMOHUPOBaHUS TEXHOJOIMYECKOIO
KOHTYPa YIIPABJICHHsI €r0 MapaMeTpbl U3MEHSIOTCs (CTapeHne, N3HOC, N3MEHEHUE
XapaKTEPUCTUK CbIpbs U T.JI.) U YCTAHOBJIEHHBIH DEXKUM IepecTaer ObITb OINTH-
MaJIbHBIM. B CBSI31 ¢ 9THM BO3HUKAET HEOOXOIUMOCTH OIpeJIeIeHIs HOBBIX Iapa-
MEeTPOB 00beKTa YIIPaBJIEHUs C IIeJIbI0 BOCCTAHOBJIEHUS] ONTUMAJIBHOIO PEXKIIMA
(DYHKINOHUPOBAHIST TEXHOJIOIMIECKOTro mporecca. [2,3]

Takasi cucrema B IIEJIOM IIPEJICTaB/IAET COOOM ONTUMAJBHYIO CUCTEMY aBTOMa-
TUYIECKOI'O YIIPABJIECHUs C aJlallTallei.

JInreparypa
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paborku B cpejie RDO/ Memonos M., Ymapasues P11, [Tupos @.C.//Yuenbie 3anucku
Oputockoro rocymapersentoro yausepcurera. Cepusi: EcrecrBennble, TeXHUYECKUE W Me-
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camu. Becrauk MI'TY. Cep. Ilpubopocrpoenne. 2002, N 1.

[5] Kycumon C.T., Winbsicos B.T'., Mcmarunosa JI.A., Baneesa P.I. lnresiekryasabaoe yupas-
JIeHUe TTPOn3BOJICTBeHHbIMU cucTemMamu. M.: Mammnoctpoenne, 2001 ., 327 c.

DopmMupoBaHEe OINTUMAaJIbLHON MHOIOYPOBHEBOII CHCTEMBbI
yIpaBJIEHUd ITPOIECCOM

3.¥.0OprukoB, B.Mup3zaaxmeaosn
Anduorcancrudi 2ocydapemeenmviti yrusepcumem

PaccMoTpuM 10J1X0/, MHOIOYPOBHEBO#H jexkommosuiuu cTpyKTypbl MCII, orm-
patomeiicss Ha crenuduaeckne ocobennoctu MCII u 3amaa ontumunsarun. Ipn
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9TOM COXPAHAIOTCA CYIIECTBEHHBIC COOTHOIIEHUA MEXK Iy MOJICJIAMA [IPOU3BO/ICTBA
1 €r0o OT/JCJIbHBIX YacTeil.

MHuorocrauitHas cucTeMa COCTOUT U3 IJI00AJIBLHOM yIIpaBJIAOIIel 0/ICHCTe-
MBI, OIIpeJIe/IsIeMOil BEKTOPHOII 11e/1eBoil (byHKITHEit
Y(z) = {fk(x),x >0, k :L_k},
rjie r = {:Uj, j=1,N, x> O}—BeKTop HEN3BECTHBIX, U k-KOJUYECTBO HUKECTO-
AIMMUX JIOKAJIbHBIX YIIPABJISIONINX [IOJICUCTEM fk(x), k = L—K, KOTOpbIE MOI'YyT
OBITH KaK HEIOCPEJICTBEHHO YIPABJIAEMbIM W PErYJINPYEMbIM IIPOIECCOM, TaK H

VIPaBJIAIONIENH MOACUCTEMO /I HUYKECTOSIINX 110 NePAPXUN TojicucTeM, rie /-
MHO>KECTBO MHJIEKCOB JIOKAJIbHBIX I10JICUCTEM.

[Tyctsr X = {a:j, j=1N }—BeKTop HEN3BECTHBIX, BbIpayKalolinil mokasare-
st 5PPEKTUBHOCTH, HAIIpUMeED: 00beM, ce0eCcTONMOCTh, KaueCTBO, 3aTPaThl U .
J-To BHJIa TPOJIYKIMHU, BBITyCKaeMoil Bceil cucremoii, rjae N — MHOXKECTBO WH-
JIEKCOB BIJIOB NPOAYKINN;, X € #, k = 1, K-BeKTOp HEU3BECTHDBIX, BBIPAYKAIO-
it 53pHEeKTUBHOCTD MPOYKITNH, BBIITycKaeMoil £ € K JIOKaJIbHOI TI0JICUCTEMOI,
X = {xj, 3 =1, Nk}, rae [N — MHOXKECTBO MH/IEKCOB BUJI0B IPOLYKITNHN, BBIITYC-
Kaemoit k € K jokajbHOil nojacucremoit, N € N.

OcnoBHast 11e1b TI0OAJLHON  YUPABIAIONMEH [OJCUCTEMbl COCTOUT B 00-
el ONTUMU3AINKA  BCeX KPUTEPHeB JIOKAJIbHBIX MojcucTeM, extrY (z) =
{ fr(x),x > 0,1 = L—K} , KOTOpBIE JIJIsT BEpXHEll YIIPaBJISIONIEil MOCHCTEMbI O/~
HAKOBO BasKHbI M PABHO3HAYHLI, T.e. 3apaHee He OTJIACTCS NMPEeAIIOUYTeHNe KAKOi-
Jin0bo JIOKaJILHOI mojcucTeMe. IIpu sToMm HeoOXoauMO HaiiTy Takoiti BeKTOp X 0
u coorsercreenno Xy € XU, npnm KOTOPOM BCe JIOKAJIbHDBIE MOJICHCTEMBI JIOCTH-
rajii Obl CBOEr0 ONTHUMYMa B YCJIOBHUAX BBLIIOHEHUS OPAHIMYCHUS 110 PECyPCaM
R(x) < C, ri(x) <¢, x>0, i =1, M, rje i-Buj pecypcoB, KOTOpble HEOOXO-
JIIMBI IPY BbITycKe, M — MHOXKECTBO UHJICKCOB BUJOB PECYPCOB; ¢; — OTPAHNYCHUS]
110 2-MYy BUJIy PECYpPCOB.

Kax npasuio, B MCII kaxkgast k-ast JoKaIbHas MMOJICUCTEMa HMEET CBOU IeJIe-
ppie bynxmn fy(z), v >0, k=1, K, n orpanndenns R¥(x) < CF rF(zy) <
& x>0 i€M, k=1K.

]

e kaxk1oit jtokaabHoit mojgcucrembl MCII cocTonT B sKcTpeMusaium cBoe-
I'0 KpUTEPHUsi, KOTOPBIM MOKET ObITh IPUOBLIL, KAUeCTBO, CTOMMOCTD yIIPaBJIEHUI,
ce0ecTONMOCTD IPOJYKITMH U JAP. 3J1eCh CJIeyeT 0c000 OTMETHUTh, UTO KPUTEPUN
JokastbHBIX TosicucreM MCII BoBce He 00s13aTe/IbHO JIOJIZKHBI COOTBETCTBOBATD
171002/ IbHOMY KPUTEPUIO CUCTEMBI, T.€. JIOKAJIbHBIE U IVI00aJIbHbIE KPUTEPUH MOT'Y'T
OBITH pa3/JIMIHBIME, HO JIOKAJbHbIE KPUTEPUU JOJIYKHBI CIIOCOOCTBOBATEL JOCTUZKE-
HIIO TJ100aJILHOM TIEJIN.

[Ipumenuresnbno Kk kKonkpeTHbiM MCII, B wacTHOCTH 000TaTUTEILHOIO TTPOU3-
BOJICTBa MOPTJIaHIeMeHT, B [1,2] paccMOTpeHbl BOIPOCHI MOCTPOEHUST MEXKKOH-
TYPHBIX OINTUMHU3AIIMOHHBIX IpoIeayp. Mes 3Toro mojixojia cCOCTOUT B JEKOMIIO-
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surun MCII Ha B3amMocBsi3aHHbIE BHYTPEHHIMHI MaTePHAIbHBIMI [IOTOKAMU KOH-
Typbl yupassennsd. [Ipu sToMm neKoMIo3uIus OCyIeCcTBIAeTCA MTyTeM MUHUMUI3a-
UM KOJIMYECTBa BbIJIEJISIEMbIX KOHTYPOB YIIPaBJIEHUs, C OJJHO3HAYHbIM OIIpe/ieie-
HueM (QYHKIINN TeJTU BCell CUCTEMBI Yepe3 MPOMeXKYTOUHbIE BXOIHbBIE U BBIXO/IHBIE
napaMeTpbl KOHTYPOB yIIDABJICHUS.

JImreparypa

[1] Kupusios A.H. Yopapiienuss MHOMOCTIUAHBIME TEXHOJOMMYECKUME [POIEccaMu. Bect-
ueik CII6IY. Cep. 10, 2006, Boir. 4. C. 127-131.

[2] Shervin Asadzadeh, Abdollah Aghaie, Su-Fen Yang. Monitoring and Diagnosing Multistage
Processes: A Review of Cause Selecting Control Charts (MoHrTOpHET I THATHOCTHKA MHO-
FOCTYIEHIATHIX MTPOIECCOB: 0030p MPUYUHBI BBIGOp KOHTPOJIBHBIX Juarpamm). 2Kypras
IIPOMBIIILIEHHOH 1 cucTemHuoi nHkerepun. Tom 2, 2008, Ne3, C. 214-235.

06 06001IeHHOM IIpOIlecCe BOCCTAHOBJIEHUS C
IepeKJII0YeHU MM

B.P.Xomxnbaesn
Hamanzancrxut unstcenepro-cmpoumenvHozo UHCmumiym

(1> 20 S
[Tycrn {ﬁl 1 m; 1 J = 1,2 B3auMHO He3aBUCHUMBbIE IOCJIEI0-
BATEJIbHOCTI HE3aBUCUMBIX CJIYUYaHBIX BEJMYNH, OJWHAKOBO PACIpeIeseHHbIX

BHYTPHU KaxKJO#l MOCIeI0BATEILHOCTH, a1 = Ef;l) > 0, as = E§§2) <
0, P <n5j) > O) =1, 7 =1,2. Oboznaunm

S(()J) =0, S](j) _ 5;]) + féj) 4+ +€](€j)7
n;(t) = max {k ; 77%‘7) + né‘j) + ...+ 77](3) < t} :
&) =Sy, J=1.2
Cutyuaiinble mponeccel &j(t), j = 1,2 Ha3bIBAIOTCsT 0000IIEHHBIMI IIPOIECCAMHE
BOCTAHOBJIeHUsT. Een cirydaiinble BeJMYINHbL 7757 ) HoKasaTesIbHO paciipe/iesenb,
TO 1poreccel (1) ABJISIOTCS OAHOPOIHBIMU, T.€. 00ODIIEHHBIME IyaCCOHOBCKIMHE
IIPOTIECCAMIL.

st mpousBosibHOTrO b > () ornpejiesuM cirydaifible BeJIMUNHbI
To=inf{t>0: &) >b}, - =inf{t >0: &(t) < —b}.
PaccmoTpuM JiBe HeszaBUCHMbBIE MEXKIy C€O0Oil I110C/I€/I0BATE/IBHOCTH Ty, T,

T3y eeey T2kt 1y-.- UM T, T2y, T4y ...y T2k, ... HESABUCUMDBIX OAMHAKOBO pacCIlIpeldc/JI€HHbIX
BHYTPH K&?K,ZLOfI [1ocJe10BaTeJIbHOCTU CﬂyqaﬁHbIX BCJIMYMH, WU IIyCTb

O, =T1+1m+..+71 0=0.
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Coayuaitnbrii mporece X (t) crpoutcst ciemytormum obpasom: X (0) = 0, npu

k=0, 1,2, ..
X () = { min {&; (t — 6a), b}, O <t < Oy,
| max{b+ & (t— o1, 0)}, Ooppr <t < Ogpo.
[Iporece X (t) coBnagaer ¢ & (t) 70 Tex mop MOKa BIiepBbie He OyIeT JOCTUTHYT
ypoBeHb b B MoMeHT Bpemenn 71 u nosiaraem X (11) = b. llpu ¢t > 7 B Kave-
crBe mpuparenuii mporecca X (t) ucmnosb3yercst npupaliennu nporecca o (t) 10
TeX 1Op, MOKa BIepBble 1ocae 01 = 71 He OyneT JOCTUTHYT HYJIEBOH yPOBEHL B
MOMEHT BpeMeHH Oy, U B 9TOT MOMEHT IIPUPAILEHNE [IPOLECCa MePEKII0IaAeTest Ha,
npuparenne mnporecca & (t), X (62) = 0. Hanbreiimume nepex/roueHns Ha Ipo-
ieccol & (1) u & (t) TPOUCXOIAT B MOMEHTHI 03, 64, ..., TOOUEPEHBIX JTOCTUKEHU T
yposreit b 1 0, X (for41) = b, X (0o) = 0. Buauurs,
X () =& (t—0x) upn Oy <t <Oy,
X (t) =b+ & (t — 62]@—1—1) upn Oopiq <t < Oypio, k=0, 1, 2,....

B nmanHoit pabore HaiijgeHo mpeobpazopanne Jlaminaca-Cruiarbeca craimo-
HAPHOTO pacrpejiesienns ciaydaiinoro mporecca X (t). Dra 3ajada JUisd ciydas

P <77§j ) = 1) =1, 7 =1,2 pemanace B [1] u 3/eCh UCIIOTB3YIOTCST METOJ[ U TEX-~
HUKa 3TOil pabOThI.

N3 onpenenernst sicho, 910 X (t) SBJSIETCST PErEeHEPUPYIONUM  CJIy IaifHbIM
IPOIECCOM C HempepbiBHBIM BpemeHeM. MomeHTbl s, Oy, ..., Oo, ... (OCTE10BA-
TEeJIbHBIE MOMEHTBI JIOCTUZKEHUI HYJIEBOrO YpOBHs mporieccom X (1)) sIBISIIOTCS
MOMEHTaMU pereHepallin, T.K. ¢ BepOsTHOCTbIO ejunnia nporece X (t) nomnaaer
B HYyJIb U F (7 +7_) < 00. Bpemena Mexjy MOMEHTAMHU pereHeparun siBJisi-
I0TCs HE3ABUCUMBIME U OJINHAKOBO PACIIPE/ICICHHBIMU CJIyIallHBIMU BeJTMIUHAMI,
EfBy = ET, + ET_ < 00. BeposiTHOCTHBIE XapaKTEePUCTUKI TPACKTOPUU CJTydaii-
Horo mporecca X (1) MexKjly MOMEHTAMU PEreHepAIli sIBJISIFOTCS OJ[MHAKOBBIMU.

Perenepupyroriue mpomnecchl IMe0T MHOIOUNC/IEHHBIE IPUMEHEHNs B Pa3/Iid-
HBIX 00J1aCTsIX IPUKJIAHON MaTeMaTuku. bubanorpadudeckne cBegeHnst MOXKHO
maiit B [1].

NsBectHo (cm., Hampumep, [2, . 21, Teopema 5.1]), 910 eciam mpoMeKyTKH
BPEMEHN ME:K/ly MOMEHTaMU pereHepalun UMeT KOHEYHOe CpejiHee, TO CYIIe-
CTBYET CTAIMOHAPHOE pacipejieieHne Jjisi perenepupyoirero mporecca X (t).

O0bo03HaYNM
) )

0i(N) = Eer , filu)=FEe ™" j=1,2,

U (u, ) = / e ESXOg i P (X (1) < 2) = F ().,
0

t—00

W\ = /_ g (z).

e.¢]
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[aee ncmosb3yeTcs (paKTOPU3aIMsI
1 —zp;(\) = RrY (z, A) RS‘Z) (z, A), |z] <1, ReX =0,
BBeJICHHAs B [2].

Ormernm, 4To 1pn orobpazkenun z = fij(u) muoxectBo {u:u > 0} 1e-
pexognt B MHOXKecTBO {z:0< 2z <1}, a mpm mameix 6 > 0 MHOXKECTBO
{u:0 <wu < d} nepexomut BHYyTpb MHOXKecTBa {2z : 1 — v < z < 1} npu HEKOTO-
pom v > 0. ITosromy nipu u > 0 umeeT MecTo pakTOpU3AINN

L= fi(w) () = RO (f;(), VRY (£(u), )
CO BCEMU U3BECTHLIMU CB(OI;ICTB&MI/I X KOI\;I;‘[OHGHT .
Ee 2 Ee 1
Ussectro uto 2], (RY)H(1, A) = = (R )(1 A) =15
rie
S| = mek , P1 = P(Sl < O) <1, Sy= supS,(f), P2 = P(SQ < O) < 1.
k>0 k>0
Teopema. Jas npeobpasoscanus Jlanaaca — Cmuimveca cmayuonapro2o pacnpe-

denenus npouecca X (t) enpasedauso caedyrousee npedecmasaenue:
[0.6)

En'Y Bers1 hm R( ) u),A
W) = m a[(( ))(())]
En® B2 tim [(R) 1 (fa(w).2)] 0
a(1—p2) ’
6 komopom u > 0, Rel = 0.
JIuteparypa

[1] Jloro B.I1. O caywaiinom 6uryzkpanun ¢ nepekiodernsyu. Cubupckne 3J1eKTPOHHbIE Ma-
temarndeckne uzsecrus. Tom 15, (2018), C. 1320-1331.

[2] Borovkov A.A. Probability Theory. London: Springer-Verlag, 2013.
AcuMnoTrorTnyeckKkue Pa3J/I02KE€EH N A (byHKHI/II/I pacliipege/JieHnA

CYMMBbI HE3aBUCUMBIX HEOJAMHAKOBO pacClipeace/ieHHbIX C.B.

N.N.111epanneB
Hamanzarckut unatcenepro-cmpoumenvro2o uHCmumym

[Iycts X1, Xo, ..., X, ... TOCTEI0BATEIHLHOCTD HE3ABUCUMbIX CJIYIAlHBIX BEJIN-

ann BX; =0, JJZ = EXJZ, aj = EX;’, Bj = E\Xj|3, j=1,2,... [lonoxum

Xi+--+ X, 5 i 9 i
Sn = B C Bi=)_ 0, Tu=) a
" j=1 j=1
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[IycTb BBITIOJTHEHBI CJIEIYIONINE YCIOBUS:
n

I) lim inf £2° I L3 8. < oo
(T) im inf = > 0, 1in_>solipn];ﬂ]<oo,

(1I) + ZH |f z|’dF; () — 0, n — oo s mexkoroporo 7 € (0, 5)-
J=Lx|>n"
IIpu 3aganbbix € > 0u N > 0 cuurtas N > € 0603HAUNM
a; (e, N) = max{[f; (t)|, e <[t[| < N}.

(IIT) Cymma S, Ha3bBaeTcst AaCHMITOTHYECKH —HEPENIeTIaTol, e
n

B, [Taj(e,N)—=0 upu n — oo s mo0bx bukcnpoBanubx € > 0 n
j=1

N >0 [1].
B ciryuae onnHakoBO pactpeieleHHbIX He3aBucMbIX ¢.B. yestosus (1)-(11) cos-

IIaJaroT C YCJIOBHEM CYHIECTBOBaHUA TPETHEI'O abCOJIIOTHOIO MOMEHTa,
00

Bl = fy= . = n:/|x|3dF(x), Fz) = P(X, < 1)

—00
Yenosue (I) paBHOCIIIBHO CYIIECTBOBAHUIO MOJIOKHUTEIbHBIX TTOCTOSIHHBIX ¢ 1 G,
n
raknx aro B2 >ng, S, E|X;|’ < nG nna Bcex 10¢TaToqHO G0IBIIIX M.
j=1
Teopema. ITyemw BHINOAHEHDL YCA06UA (I)-(111). Tozda
T, _ 1
sup | F, (z) — @ (x) ) (1—x2)g0(x)‘ —0(%) , MPU N — 00.
DT0 yTBepXkKJeHne 0000IImaeT TeopeMy JcceeHa JIJisi PA3JIMIHO PacIpe/iesieH-
HBIX CJIyIaiiHbIX Besman [1].

JIuteparypa

[1] BopoBkos A.A. UuTerpo-jioKajbHble U JIOKAJIBHBIE TEOPEMBbI O HOPMAJBHBIX M GOJIBIITIX
YKJIOHEHUSIX CYMM Pa3HOPACIIPEIeICHHBIX CIyUallHbIX BEJIMYUH B cxeMme cepuii. Teopusa Be-
posiTHOCTEl U ee mpumenenns, 1. 54. Ber. 4, 2009. C. 325-344.

HeKOTOpre 3aMETKN O pa3de/JIMMbIX CTATUCTUKaAX

V.II1.4ky60Ba', H.T.Ilapruesa’
Y Tawxenmexuti 2ocydapemeeniolti skonoMuMeckuts ynusepcumem
2 Tawkenmexuti 2ocydapemeenmniti nedazosuneckuti yrusepcumen

[IycTh cratucTuvecknii Kputepuit mpoBepKn TUNOTE3LI H(y TPOTUB CJIOXKHOIM
asibTepHaTHBbl Hy ocHoBaH Ha cratuctuke L = L(-) u §, ectb KpuTndeckas 00-
JIACTD 9TOT'0 KPUTEPUs, olpeaessgeMasd 1o 3aianHoMy pasmepy «. Ham gocraTod-
HO OTPAHUYINTHLCA CTATUCTUKAME L, ABJIAIOMUMICT PYHKIUSIMUA BEKTOpPa 9aCcTOT
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v = v(n), T.e. CTATUCTHKAME BHJIQ
L=Lv)=L(,..,vN).
Cpein cTaTHCTHK STOrO THUIIA BayKHOE MECTO 3aHNMAeT KJIACC CTATUCTHK, SIBJISA-

IOIIUXCs aJINTUBHBIMU (DYHKIMAMEI BeKTOpa dacToT. OHM HA3BIBAIOTCSI pa3esin-
MBIMU CTATUCTUKAMU.

Omnpenenenne. Cmamucmura L(v) = L (v, ..., vy) Hasweaemes pasdenu-
MOT CMaMuUCMuKoti, ecau 0Ha NPEICMasUMa 6 6ude

L(V> - me (Vm)a

ede das mobozo m = 1,2,.... N dynkuus fn, (Vm) 3asucum, passe wmo, om
Vi, N U @y, -

Beenem neckosbko obosuaudennit: L (X) — 3aKOH pacipeieeHus crydaiHoil
pesmanabl X (mam coaydaiitnoro sekropa X ), Il (A1),..., Iy (Ay) — He3aBu-
CUMble B COBOKYITHOCTH ITyaCCOHOBCKHE CJIydaifHble BEJIMYMHBI C IapaMeTpaMu
A1, ..., AN, COOTBETCTBEHHO.

[IpuBesieM cremyrolee M3BECTHOE CBOCTBO MOJIMHOMHUAILHOIO pacipejee-
HUSI: pacCIpejieieHne CJIydaifHoro BEKTOpa 9acToT HCXOJ0B V(M) COBHAJAET ¢

VCJIOBHBIM paCTpe/eJIeHIeM CIydaitHoro BekTopa (&1, ...,&y) Ipu YCJIOBUH, 9TO
14 ...+ &v =n; 31ech &, ...,y — HE3ABUCUMBIE B COBOKYITHOCTH CJIydaifHbIE
Besnanibl, Takne, 9to L (&,) = L (1L, (np,)),m = 1,2,..., N. Ha a3bike BBe-

JIEHHBIX 0003HAYEHUIT 9TO CBOICTBO NPUHUMAET BUJI;

Lw,...,vn)=L((&,. &)/ &+ ... +Ev=n).

DTO COOTHOIIECHNE B CJlydae, KOorjua craTuctuka L(v) sBiisercs pasaesnMoil cra-
TUCTUKON BUJIA, IPUBOJUT K PABEHCTBY

N N
L(L(v)=L me(Vm) =L me<€m)/€1+---+§l\f:n ;

YTO CBOJUT U3YUYEHUE ACUMIITOTUYECCKUX CBOMCTB Pa3/1e/JINMbIX CTATUCTUK K U3yYe-
HUIO TAKNX 2Ke CBOMCTB YCJIOBHBIX PACIIPE/IeJIeHUIT CYMM HE3aBUCUMbBIX CJIYYaliHbIX
BEJINYNH OIIPEJICJICHHOIO BUJIA.

Eme ofHUM apryMeHTOM B IOJIb3y PACCMOTPEHUS Pas3/le/IUMbIX CTaTUCTUK
B KauecTBE CAMOCTOATENTLHOIO 00BbEeKTa MCCIETOBAHNSA, ONMPEIEIAIONINM IIeIeCO-
00Pa3HOCTh UX BBIJCTCHUA U U3YUYEHUA, CAYKUT TO, UTO PA3JICTUMBIMU CTATH-
CTUKAMU SBJIAIOTCA CTATUCTUKHU, IO KOTOPBIM CTPOUTCS OOJBITNHCTBO KJIACCHU-
YeCKNUX CTATUCTUYECKNX KPUTEpPUEB MPOBEPKHU pa3NYHbIX THUIOTe3. B dacTHO-
CTHU, Pa3/IeJINMBbIMUA CTATUCTUKAMU ABJISIOTCA CTATUCTUKA OTHOIIECHUS IPAaBJIONO-
700U, CTATHCTHKA Y2, & TaKyKe CTATHCTHKH, IIOCTPOCHHbIE Ha CIyHailnoil Besm-
quHe i = (N, ) — GUCIIe UCXO0B, PEATM30BABIINXCS TIPH N UCIBITAHUSIX POBHO
T pas.



